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Inverse Kinematics of a Two-Link 2D Planar
Robot Arm for Industrial Assembly

Anthony Tan Velasquez, Ronnie Concepcion II, and Ira Valenzuela

Abstract — In assembly industries, robots play
a critical role in executing diverse tasks, with their
primary function in positioning end effectors accurately.
A significant challenge in robotics is the inverse
kinematics problem, as it has significant implications
for controlling a robot hand’s position and orientation.
This study derived formulae for inverse kinematic
movement by using geometric and trigonometric
concepts. The study then coded and used MATLAB
to simulate inverse kinematics for a two-link planar
robot arm control system. The robot arm can position
its end-effector in a two-dimensional plane using its two
revolute joints. MATLAB determines the necessary
joint angles for moving the end-effector to the required
location after receiving input from the user specifying
the link lengths and the intended end-effector position.
It then creates a graphic representation of the robot
arm showing the joints’ positions. The outcomes of
this investigation effectively showcased the utilization
of inverse kinematics to achieve motion control in a
two-dimensional, two-linked robot arm, employing the
established mathematical formulas. Given the critical
importance of precisely positioning the end-effector
in assembly robotics, the practical application of this
study pertains to industrial assembly robots. The
inverse kinematics simulation introduced here serves
as a valuable tool for attaining the level of precision in
such contexts.

Index Terms — control system, coordinate geometry,
inverse kinematics, robotics, trigonometry

[. INTRODUCTION

OBOTS have become crucial in modern industries as
they are used to accomplish various tasks, with their
main objective to move end effectors to a specified location.
The application of robotics is widespread and encompasses
areas such as healthcare, mining, domestic applications,
and manufacturing [1]. An example of a robotic arm that is

widely used is the Universal Robots UR10 [2]. The UR10
is a flexible industrial robot designed to work alongside
humans. The highlight of the UR10 robot is its versatility,
safety features, and ease of use [2]. This study investigates
a two-link 2d planar robot arm. Two revolute joints on the
robotic arm allow it to move its end-effector and position
it precisely inside a two-dimensional plane. A robot arm
is made up of numerous joints and connections, with the
end-effector typically attached to the second link. Robot
arms are commonly constructed using servos that are linked
together with the arm’s various segments. The revolute
joint was the type of joint used in this study. A revolute
joint (Fig. 1), is a type of joint in robotics that enables
rotational movement between two connected links around
a fixed axis [3].

Revolute joint

11 12

©

Q

11, 12 - links
Q, d - joint variables

Fig. 1. Revolute Joint [3]

The development of the fundamental concepts of robot
motion planning and control can be traced back to their
origins in the field of robotics, where they were initially
developed with a primary focus on industrial applications.
These applications typically involved the use of robotic
arms and manipulators in manufacturing and assembly
processes, where precision and accuracy were critical for
achieving optimal production efficiency [4]. This leads
to the inverse kinematic problem, a significant issue in
robotics. Controlling the position and orientation of the
robot hand requires the use of inverse kinematics (IK).
Therefore, it is crucial for robotics to develop answers to
the inverse kinematic problem [5].
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By using kinematic equations to determine a manipulator’s
joint settings, inverse kinematics (IK) enables the movement
of an end effector to a predetermined position [6]. As
depicted in Fig. 2, the aim of inverse kinem s goal. For the
end effector to be positioned and oriented as required, it is
crucial to establish the right joint variables [7]. The goal of
this study is to derive equations for joint values using inverse
kinematics concepts.

‘A o
43 : Ly
L End Effector
) b (x,y)

-~

e
Forward Kinematics (FK)
Joint Angles — End Effector Pase
Q1. T20 9394 4— xy0

Inverse Kinematics [IK]

Fig. 2. Configuration of forward or inverse kinematics
to set up a robot’s joint positions [8]

An essential part of manufacturing, inverse kinematics is
used to train and regulate a robot’s mobility to ensure process
accuracy and quality. Calculations are used in manufacturing
to determine the necessary joint angles that allow the end-
effector to reach a particular geographical position. To
create the required form, the movements of the robot arm
and material deposition are coordinated simultaneously [9].
Inverse kinematics can be used to design the robot’s motion
and ensure that it can carry out the required tasks. The
robot’s movements can be planned using inverse kinematics,
ensuring that it can do the necessary tasks.

A study on designing a robot arm proposed a planar two
link manipulator. This is because of the accessibility of two
link planar manipulators as well as being able to resemble
human arms [10]. Single-arm industrial robots are limited
in their ability to perform certain tasks that require the use
of two arms, which has led to an increase in demand for
dual-arm robot manipulators in the industrial assembly
sector. While operators can complete tasks that require the
use of both arms, single-arm robots are unable to replicate
this level of dexterity. As a result, industries are turning
to dual-arm robots to meet their assembly needs, as they
offer greater flexibility and efficiency in performing tasks
that require the use of both arms [11]. The availability of
two-linked robots is widespread thus, the creation of a
precise control system is important because it can improve
the robot’s performance in various industrial applications.
In pick-and-place operations, which entail taking an object
out of one place and putting it in another, it can be carried
out by a 2-linked robot arm. To automate repetitive tasks

like sorting, packaging, and assembly, this type of robot arm
is often employed in production and assembly lines [12].
With precise and efficient movements, and easy to control
for human operators, a 2-linked robot arm can significantly
increase productivity and reduce errors in these processes.

Researchers calculated the joint angles required to
achieve the target end-effector position to determine
the motion and location of the robot arm in a study on
3D-printed robotic arms [13]. Another study employs a
geometric method to resolve inverse kinematics issues for
arm manipulators while applying inverse kinematics. It
entails calculating joint angles with trigonometry to obtain
appropriate end-effector location and orientation [14].
This demonstrates how geometry and trigonometry can be
applied to inverse dynamics. As a result, by using geometric
and trigonometric principles to derive inverse kinematic
formulae, a control system can be built.

Fig. 3 illustrates a study that used trigonometry in solving
inverse kinematics problems. The study demonstrates that
the joint angles may be calculated from the link lengths using
the law of cosines and the law of sines [15]. It is possible
to establish the location and direction of a robot arm’s end-
effector based on the intended location in a coordinate space
by utilizing trigonometric functions like sine, cosine, and
tangent [16].
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Fig. 3. Inverse kinematics using Trigonometry [15]

A control system for a 2D two-linked robotic arm was
developed using the concept of inverse kinematics then
simulated. The objective is to first derive equations to obtain
the joint values of the arm using geometry and trigonometry.
Next, the derived equations will be translated into code to
be integrated into a user-interface using Matrix Laboratory
(MATLAB). The goal is to simulate the control system by
using user-supplied length connections and a specified end-
effector location. The outcome will be a plot depicting the
computed angles of the two-linked robotic arm.
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In this study, joint angles needed to move the end-effector
of a two-linked planar robotic arm to a desired coordinate are
calculated and visualized using MATLAB to replicate the
idea of inverse kinematics in robotics. The main objective
is to demonstrate how inverse kinematics can be applied to
precisely control the arm’s motion in industrial assembly
applications. The primary contribution of this study lies in
the development and simulation of a control system for a
2D two-linked robotic arm. This involves deriving essential
equations, integrating them into the MATLAB interface, and
utilizing inverse kinematics to calculate and visualize the
joint angles. The study showcase the practical application
of inverse kinematics in robotics, specifically in achieving
precise control over the arm’s movement for industrial
assembly tasks.

II. METHODOLOGY

The flowchart of this study’s methodology is shown
in Fig 4. The study aims to develop an inverse kinematics
control system in MATLAB by connecting the concept of
inverse kinematics with mathematical equations, specifically
using trigonometry and geometry. The developed control
system was simulated by providing the length of the links
and the preferred end-effector coordinates as inputs. The
control system’s output will be a plot with the computed
angles for the links.

Deriving inverse

kinematic
equations

Create control
system program
flowchart

w

Create control
system using
MATLAB

Simulate control
system

Application

Fig. 4. Flowchart of the Study

The main concept of this study is to employ geometric
and trigonometric mathematical formulae to derive equations
that will calculate the joint values. The derived formula will

then be coded in MATLAB to create a control system. The
control system will be able to calculate the joint values for
the inverse kinematic movement to the desired end-effector
coordinates. Automating industrial assembly processes
requires the use of inverse kinematics, which is a critical
approach for computing the joint angles required to place
a robot arm’s end-effector at a certain location in 2D space
[17].

A. Deriving inverse kinematic equations

Deriving the inverse kinematic equation starts by
obtaining all the necessary geometric and trigonometric
formulas to obtain an equation suitable for a two-link 2d
planar robotic arm. Utilizing the relationship between the
distance of links aids in determining the values of the joints
[18].

Equation 1 displays the Pythagorean theorem-derived
Euclidean distance formula. Given that the points are
known, it is used to determine the separation between two
points in a two-dimensional coordinate plane [19]. In this
study, the Euclidean distance formula was used to determine
the separation between the end effector and the base of the

robot arm.
d=(x*+y%) (1)

Equation 2 are the basic trigonometric functions, sine
(sin), cosine (cos), and tangent (tan), and their inverse
functions. Inverse trigonometric functions are used to
determine the angles of their counterpart trigonometric
functions, while basic trigonometric functions are used to
compute the values of sides and angles of a right triangle.
In this study, the functions cos and sin were used to obtain
the coordinates of the second joint position by translating
polar coordinates to cartesian coordinates. Meanwhile, the
robot arm’s joint angles were calculated at the same time
using inverse trigonometric functions [20]. The arccos
and arctan functions were used to calculate the angles of
the connections required to establish the locations of the
intended end-effector position.

sin@

cos®

tan6
sin”'(x) = arcsin(x) )
cos™' (x) = arccos(x)
tan™' (x) = arctan(x)

Equation 3 shows the law of cosine. The law of cosine is
a geometric solution that establishes a relationship between
the lengths of a triangle’s sides and the cosine of its angles
[21]. In this study, the angle between the robot arm’s first
link and the line connecting its base to the intended end-
effector position was calculated using the cosine law. This
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angle was then used to calculate the position of the first joint
of the robot arm.

c*=a*+ b* —2ab - cosC
b*=a*+c* —2ac - cosB 3)
a*=a*+ c* = 2bc - cosA

Equation 4 shows the derived equation for the joint
angles for the links denoted by 61 and 62. Based on the
location of the end effector, these two equations are used
to determine the joint angles of a two-link robot arm. The
initial equation (01) determines the angle for the first link
by utilizing the x and y coordinates of the end effector, the
lengths of both links (L1 and L.2), and the distance from the
end effector to the origin (d). The subsequent equation (62)
computes the angle for the second link based on the lengths
of the two links (L1 and L2) and the distance from the end
effector to the origin (d). These equations, when combined,
yield the angles corresponding to the two links of the robot
arm. These angles can then be employed to govern the
arm’s motion and accurately position its end effector at the
desired location.

180 arccos((L1% + d? — L2%)_ 180
01 = (arctan(y, ) () = (T s ) ()
2 2 2 )
02 = arccos((L1* + L2*— d ))(@)
@AD(L2) n

Equation 5 demonstrates the derivation equation
employed to ascertain the second joint’s position. The X, y
of the two-link robot arm using the first joint’s angle (61)
and the first link’s length (L1). The origin (0, 0) already
specifies the location of the first joint. This equation is
crucial for directing the robot arm’s motion and placing its
end effector where it needs to be.
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The derived equations are the heart of the control system
and were coded in MATLAB. The system can determine the
necessary joint values for the inverse kinematics movement
using the derived equations.

A. Program Flowchart for the Control System

In Fig. 5, the flowchart visually outlines a systematic
procedure for resolving the inverse kinematics problem
through MATLAB. It initiates with user input concerning
the dimensions of the initial and secondary links,
which collectively form the robot arm’s components.
Subsequently, users are guided to specify their desired
X and Y coordinates for the end-effector, the location
where the arm interacts with the objects. Once these user
inputs are collected, the program proceeds to calculate the
separation between the arm’s base and the end-effector

by employing the Euclidean distance formula. Following
this computation, it ascertains the angle of the initial link,
utilizing inverse trigonometric functions. Subsequently, it
computes the angle of the second link using the arccosine
function and cosine law. These calculations are intricately
linked to the initial link’s angle and the lengths of both links.
The program utilizes these derived link angles to precisely
determine the positions of the joints and the coordinates of
the end-effector. This level of control enables the robotic
arm to achieve the desired placement and orientation within
the workspace. Essentially, the flowchart offers a structured
and systematic approach to effectively tackle the challenges
associated with inverse kinematics.

Ask the user for the X
and Y coordinates of
the end-effector

Ask the user for the
length of the first and
second link

Calculate the angle of
the first link using
cosine law, arccos, and
arctan functions

Calculate the distance
from the base to the
end-effector

Calculate the
coordinates of the joint
positions and end-
effector

Calculate the angle of
the second link using
the arccosine function

Plot the robot arm

Fig. 5. Flowchart showing the control system program

The program basically asks the user for the link lengths
and preferred end-effector position, calculates the angles of
the two links using trigonometry and inverse trigonometric
functions, and then draws the robot arm based on those
angles and link lengths.

C. MATLAB Code

After deriving the equations for inverse kinematics,
the derived equations were translated into MATLAB code
and organized into a step-by-step program. MATLAB
was a suitable choice for this study because it allows for
efficient computation and has built-in functions for complex
mathematical operations required for inverse kinematics.
Additionally, its graphical user interface (GUI) makes it
easier for the users to input data and visualize the output
[22]. The study employs MATLAB code that engages users
to input link lengths and end-effector coordinates. After
gathering this data, the program calculates the base-to-end-
effector distance using the Euclidean formula. Subsequently,
it computes the angles for the initial and second links,
employing the cosine law and inverse trigonometric
functions. Utilizing trigonometry, the program defines the
robotarm’s joint positions and end-effector. It then visualizes
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the robot arm with black-filled circles representing joints
and the end-effector, accomplished through MATLAB’s
plot and scatter functions. This visualization effectively
illustrates the robot arm’s movement, offering precise
control over its position and motion of the robot arm in a
precise and efficient manner.

III. RESULTS AND DISCUSSION

A. Simulation of Control System

Upon running the program, it will prompt the user to
input the lengths of the first and second links, as well as the
desired coordinates. The ideal ratio for a human’s upper arm
to forearm is roughly 1 to 0.8837, according to a study for
a human-like arm robot system [23]. Therefore, the values
1 and 0.8837 were inputted for the first and second links
respectively as shown in Fig. 6. Meanwhile for the desired
location, the selected coordinates (0.5,-1.5) were arbitrary
and up to the user.

Command Window
Enter the length of the first link: 1

Enter the length of the second link: @.8837
Enter the desired X coordinate of the end-effector:
Enter the desired Y coordinate of the end—effector:

Fig. 6. Inputting the X and Y coordinates to the system

Following the user’s input of essential data, the
MATLAB program will execute the necessary computations
to establish the positions of both joints and the robotic arm’s
end-effector. The ensuing robot arm plot will visually present
the link lengths, joint angles, and the end-effector’s location,
offering a graphical depiction of the arm’s arrangement (Fig.
7). Lines shown in red and blue represent the robot arms.
The length of those lines is specifically measured at 1.00 and
0.88 respectively. The angle of the first and second joints
is also shown, which has the value of -102.27 and 114.01
degrees respectively.
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Fig. 7. Plot of the links in 2d cartesian plane

Fig. 8 shows more specific information when the joints
in the plot are right-clicked. It is seen that the coordinates
of the first joint are (0,0), second joint being at (-0.212445,-
0.97713) and the third joint shows the end-effector coordinate
which was specified in the user input being (0.5,-1.5). The
sizes are pixel sizes for the diameter of the joints.
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Fig. 8. Additional details provided in the plot

D. Application

This study focuses on the application of inverse
kinematics in industrial assembly using robotic arms.
In manufacturing, robotic arms are commonly used for
precise and repeatable assembly tasks, such as picking
up and placing components, tightening screws, or joining
components together. To perform these tasks, the robotic
arm must be accurately positioned [24]. Due to its critical
role in precisely determining the position of the robot
arm’s end-effector at a preset location, the importance
of the inverse kinematics problem is clear in the field of
assembly robotics. This capability enables the robot to
effectively grip and manipulate components [25]. Within
this simulation, users can input the connection lengths and
the desired end-effector position for the robot’s intended
task. The code then determines the joint angles needed to
transmit the information to the robot controller. By precisely
positioning the robotic arm using inverse kinematics, this
control system is crucial for ensuring the dependability of
the assembly process.

IV. CoNCLUSION

The study successfully illustrated the use of inverse
kinematics for manipulating a 2D two-linked robotic arm.
The study developed the appropriate equations to solve
the inverse kinematic problem using both geometric and
trigonometric methods and created a control system using
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MATLAB. The program was able to determine the required
joint angles to reach a particular end-effector position using
the user-provided link lengths. To enhance clarity, the
resulting arm configuration was also visually presented.
The study’s findings underscore the significance of inverse
kinematics within the realm of robotics, emphasizing its
critical role in facilitating precise movements required
across various industrial assembly contexts. In summary,
this research represents a substantial advancement in
the field of robotics and its practical utility in industrial
assembly operations.
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