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ABSTRACT

The Heisenberg group over Z, H(Z), is the set of all 3 X 3 upper triangular matrices
with integer entries above the diagonal and ones on the diagonal together with
matrix multiplication. For a positive integer n > 2, its finite counterpart, H,, is
defined similarly with entries in Z, under modular multiplication. Equivalently,
these groups can be described as sets of triples (a, b; ¢) with a nonabelian group
operation involving the standard commutator structure.

This paper investigates the word length, the minimal number of generators
required to express a group element in H(Z) and H,, where p is prime, relative to
their standard generating sets. We define and analyze two specific
automorphisms, ¢ and ¢, that preserve word length and enable us to limit our
analysis to a smaller representative subset of group elements without loss of
generality. These automorphisms allow for more efficient classification and the
derivation of explicit formulas for computing word length. We use these results to
categorize elements in H, into three types based on their algebraic structure and
their behavior under these automorphisms. In addition, we explore identities
related to word length.

The results reveal new insights into the combinatorial and algebraic structure of
Heisenberg groups, with implications for computational group theory,
representation theory, and cryptography. Our approach offers a novel perspective
that bridges structural group theory with algorithmic word computation.

Keywords: word length, automorphisms, discrete Heisenberg group, finite Heisenberg
group, group theory, combinatorial algebra
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INTRODUCTION

The Heisenberg group, a classical object
rooted in quantum mechanics, has evolved
into a central figure in modern mathematics,
particularly in group theory, harmonic
analysis, and combinatorial geometry. The
discrete and finite Heisenberg groups serve
as canonical examples of nilpotent,
nonabelian, and polynomially growing
groups (de la Harpe, 2000). Due to their rich
algebraic structure and well defined
geometric properties, these groups have
been investigated through various lenses.
Studies by Blachére (2003) and Duchin and
Mooney (2014) examined the Heisenberg
group using sub-Riemannian geometry,
especially through the Carnot—Carathéodory
metric, focusing on distance metrics and
asymptotic behaviors. Later, Duchin and
Shapiro (2014) advanced this geometric
perspective by investigating the rational
growth of the group. Alekseev and Magdiev
(2019) added a formal language viewpoint by
describing the language of geodesics with
respect to standard generating sets. These
investigations, while foundational, rely
primarily on geometric, topological, or
formal-theoretic methods.

However, an important research gap
remains in the literature: prior works have
not thoroughly explored word length
analysis from an algebraic and
combinatorial perspective, particularly one
that uses automorphisms of the group that
preserve word length. No existing study, to
the best of our knowledge, has utilized such
automorphisms to reduce the computational
domain or to classify elements of the discrete
or finite Heisenberg group based on word
length  properties.  Moreover, earlier
approaches did not provide explicit formulas
for word lengths using elementary group
operations or swapping techniques among
standard generators. While studies such as
those by Long and Wu (2017) and Ozawa and
Rieffel (2005) contextualize the Heisenberg
group In advanced analytic frameworks,
specifically in terms of C*-algebras and

compact quantum metric spaces, they do not
address symbolic or  combinatorial
computation of word lengths in the group
setting.

This paper addresses that aforementioned
research gap by constructing and analyzing
two automorphisms of the discrete and finite
Heisenberg groups that are shown to
preserve word length. These automorphisms
facilitate partitioning group elements into
equivalence classes, allowing the study of
word length to be confined to a smaller,
representative domain. Furthermore, we
derive combinatorial formulas for word
length; classify group elements into Type-I,
Type-1I, and Type-III; and demonstrate the
word-length-reducing effects of automorphic
mappings. Unlike previous research, our
approach is constructive, algorithmic, and
grounded in elementary group-theoretic
operations. In doing so, we not only provide
a fresh perspective on Heisenberg group
theory but also contribute tools that have
potential applications in computational
group theory, cryptography, and
representation theory.

THE DISCRETE AND FINITE
HEISENBERG GROUP

In this section, we define the discrete and
finite Heisenberg groups and discuss some of
their fundamental properties.

Definition 2.1. The discrete Heisenberg
group, H(Z), is the set of matrices

1 a c
<O 1 b>,
0 0 1

where a,b,c €Z, together with matrix
multiplication.

Definition 2.2. Let n € Z,n = 2. The finite
Heisenberg group, H,, is the set

1 a ¢
{(o " b)
0 0 1

together with matrix multiplication reduced
modulo n.

ab,c€ Zn}
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1 a1 C]_ 1 aZ C2

0 0 1 0 0 1
where a;g, byrg cirs € Z. Then,
1 a;+a, c¢g+c,+a1b,
AB = (0 1 by + b, )
0 0 1

From this, one finds that the identity
element, denoted by e, is

1 0 0
e= (O 1 0>. (2.1)
0 0 1

Moreover, the inverse of A, denoted by A1, is

1 _al _C1 + a1 b1
At=(0 1 —b, . (22)

0 O 1

Note that multiplication of two matrices in
H(Z) only modifies the entries above the
diagonal. Hence, we have these alternative
definitions.

Definition 2.3. The discrete Heisenberg
group, H(Z), 1s the set of triples
{(a,b;0)|a,b,c €Z} under the group
operation

(ay, by;¢1)(az, by ¢3) = (ay + ag, by + by;¢1 + ¢; + arhy).

(2.3)

This operation is well defined and
corresponds to matrix multiplication of
upper triangular 3 X 3 matrices with integer
entries and ones on the diagonal.

Definition 2.4. Let n € Z,n = 2. The finite
Heisenberg group, H,, is the set of triples
{(a,b;0)|a,b,c €Z,} under the group
operation

(ay, bys¢1)(az, by c3) = (ay + az, by + by; 1 + ¢ + arby)
where addition and multiplication are
reduced modulo n.

This operation is well defined, and the
resulting group is a finite quotient of H(Z).

With reference to Equation 2.1, we find
e =1(0,0;0), and if A = (aq,by;¢;), we find
from Equation 2.2 that

A7l = (—ay,—by; —c; + a;1by).

It is known (Blachere, 2003; Osipov, 2015;
Pate, 2006) that H(Z) have the following
generators
X = (1,0;0), Y = (0,1;0) and Z = (0,0; 1) (2.4)
that satisfy the following fundamental
commutative relations:

XZ =7ZX,YZ=7ZY and XY =YXZ. (2.5)

Moreover, if A = (a, b; ¢), then
A=Ybxaeze, (2.6)

Lemma 2.1. (Kahn, 2005, p. 2) Let a be an
integer and ¢ = (a,b;c) € H(Z) (or Hy).
Then,

ala — 1))

g% = (aa, ab;ac + ab >

Proof. We now prove that for any integer
a, the power of a group element g = (a, b; c) €
H(Z) (or H,) satisfies g% = (aa, ab; ac + ab@).
Let g = (a,b;c) € H(Z) (or Hy).

The result is straightforward for a =0,
g° =(0,0;0); the identity element of the
group and the right-hand side also evaluate
the same, that is,

(o,o; 0+ ab = (0,0;0),

so the lemma holds for a = 0.

0(02— 1)>

We now proceed by induction for positive
integers and then extend to negative
integers. For a =1,clearly, the formula
holds. We have g' = g = (a, b; c). Assume it
holds for some a = k, that 1s,

k(k— 1
g* = (Ia kb; ke +ap D - )).

Then, using the group operation (Equation
2.3), we compute
gl =gk g
k(e —1)
= <ka, kb; kc + ab >

) (a,b;c)

k(k—1)
ka + a,kb + b; kc + ab 2

+c+ ka-b)

=k + Da, (k+ Db; (k+1)c+ab<k(k2_ 1)+k> >

= <(k + Da, (k+ 1)b; (k+1)c+ab <M) )

2

=k + Da, (k + Db; (k + 1)c + ab (k(k; U) >

MANALANG & VIDAR 17
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Hence, the lemma holds for @ = k + 1. Thus,
the formula holds for all positive integers a.

Finally, we prove the remaining case as
follows. Consider the identity
g % =(g )% = (—a,—b; —c + ab)“.

Since a is positive, we can apply the above
formula and obtain the desired result.

This matches the original formula when
a <0, so the result holds for negative
integers as well. Therefore, the lemma also
holds for all integers a, whether positive,
negative, or zero. O

Lemma 2.2. Let X,Y be the elements of H(Z)
(or Hy,) in Equation 2.4. If a,b € Z, then
Xayb — YbXaZab.

Proof. Let a, b be integers. Applying Lemma
2.1 to the powers of the generators, we find
X% = (a,0;0), Y? = (0,b;0)and Z* = (0,0; ab).

Now, computing their product using the
group operation in H(Z), we have
XYb = (a,0;0)(0,b;0) = (a,b; ab).

For the other side of the equation,
Y?x% = (0,b;0)(a,0;0) = (a, b; 0).

Note that Z%? = (0,0; ab); thus,
YPxaz% = (a,b;0)(0,0; ab) = (a, b; ab).

Hence, the identity holds for all integers a
and b. 0

The next two lemmas will be used in the
development of several results on word
length, including Theorem 4.4, Theorem 4.5,
Lemma 5.4, and Theorem 6.2.

Lemma 2.3. Let X and Y be the generators in
Equation 2.4. Let n be a positive integer and
let a;,b; €Z(1<i<n). Then,

Xeybixaaybz | XOnybn

n
i=1 j=1 1,j=1
isj

Proof. We prove the result by induction on n.

For the base case n=1, we compute
X%yb1 = (ay,0;0)(0, by; 0) = (ay, by; asby),
and by Lemma 2.2, X%1yP1 = ybixa170:b1
and the formula holds as

a; = a, Zb =b,,
i=1

1

Z a,b,.

ij=1
i<j

and

Assume now that the lemma holds for some
n = k, that is,

k k k
Xa1yb1Xazybz . Xakybk = Z al’z b] ; Z albj

i=1 j=1 L =1
isj

We want to show that the result also holds
forr n=k+1. Using the inductive

hypothesis, we have
Xa1ybixazybz X kYyDbr X Ok+1YDk+1

= a;,

k
b Z aib; | (s, 0;0)(0, by 0).

k
i=1 j=1 i,j=1

i<j

Applying the group operation and using
Lemma 2.2, this becomes

k k k
a, bj;Zaibj (a1, 05 0)(0, byy1 0)

i=1 j=1 i,j=1 i=1

b; + Z A;byis + ak+1bk+1>

i=1 j=1 Lj=1 i=1

K K k k
= Z a; + ak+1‘z bj + bys1; z a;b; + <z a; + ak+1> by41
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Hence, the lemma holds for n = k + 1, and by
the principle of mathematical induction, the
formula holds for all positive integers n. [

Lemma 2.4. Let X and Y be the generators in
Equation 2.4. Let n be a positive integer and
let a;,b; € Z(1<i<n).Then,

n n n
ybnxanybn-1xbn-1  ybayazybiyai — (Z ai'z bj; Z aibj>.
j=1

i=1 ij=1

i>j
Proof. We prove the result by induction on n,
similar to the approach used in Lemma 2.3.

For the base case n=1, we compute
YP1X% = (0, by; 0)(ay,0;0) = (ay, by; 0), which
matches the desired formula with
Yiia;=ay, X}, b =b and Zil,jzl a;b; = 0.

i>j

Thus, the base case holds.

Assume the statement holds for n = k, that
1s,

b;;

k k
a;b; |.
j=1 i,j=1
i>j

a;, )

k
YDk X @kyDk-1xbk-1  yb2xazybiyar — <
i=1
To show the formula holds for n =k + 1, we
prepend YPk+1X%+1  to the expression
Ybrx% . YP1X% to obtain
YDk+1 X U411 YDk X Oy bk—1 Xbk—1 | yb2)Xa2ybiyasr

By the inductive hypothesis, the product
evaluates as  (0,b4q;0)(ags1,0;0)(a’,b’;c")
where o' =3, a;, b = ¥¥_, b, and
k
¢ = Z al-bj.
Lj=1
i>j

Using the group operation,
(0, by11; 0)(Ak41,0;0)(a’, b'; ¢")
= (a, + Ak 41y b’ + bk+1; C, + ak+1b,).

Thus, the third coordinate becomes

k k k+1

C, + ak+1b’ = Z aibj + ak+1 Z b] = Z aibj.
i,j=1 j=1 i,j=1
i>j i>j

Hence, the formula holds forn =k + 1,
completing the induction. O

It is known (Osipov, 2015; Robinson, 1996;
Suzuki, 1986) that the center of H(Z) and H,
1s the subgroup (Z) where Z is the element
(0,0; 1) in Equation 2.4. Here, (Z) denotes the
cyclic subgroup generated by the element Z.

The next lemmas concern the structure of
the center of H(Z) and H,,. All results follow
from Lemmas 2.3 and 2.4 and can be more
compactly expressed using commutators.

Corollary 2.5. With reference to the
generators X, Y, and Z in Equation 2.4, each
of the following expressions is equal to Z.

i. Xyx-iy-?t

ii. X7y lxy

i YX~lyTlx

. Y7lxyx—?!

Corollary 2.6. For any integer k, the
following expressions are all equal to Z*.

. Xykx-ly-k

. X“ty~kxyk

i, Xkyx—ky-t

iv. X~ky-1xky

v. YX“ky-lxk

vi. Y-ixkyx-k

vit. Yex~ly—kx

viii. Ykxykx-1

The next lemma further expresses the
elements of (Z) wusing the standard
generators.

Corollary 2.7. For any integers s,t, the
following expressions are all equal to Z*t.

i. Ytx—sy-txs

. Ytxsytx—s

i, YSx-ty—sxt

v, YSxtysxt

v. XSy~txsyt

vi. XSytx—sy-t

vit. X"ty —sxtys

viil. XtYsx-ty=s

The next lemma will be used in enumerating
the words with minimal  length
corresponding to the elements of the center.
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Corollary 2.8. For any integers s,t,j, the
following expressions are all equal to Z5¢.
i YUix-Sy~txsyl, y-ttixsytx-sy—j,
XIYsx-ty-sxt=J Xx-Jy-sxtysx-—t+,

Ytx—sy-txsyt-,
Y—jxsytx—sy—t+j’ X—t+jy—sxtysx—j’
XtIysx—ty=Sx) (0 <j <t).

i XIYtX—sy-txs—i, x-Jy-ttixsytx—s+j
ysTix-ty-sxtyl, y-stixtysx-ty-J,
X—Stiy-txsytx—i,

XSTIytx—sy-txJ yix-ty-sxtys,
YTIXEYSXtYy =St (0 <j < ).

Remark. The expressions in Corollary 2.7
are obtained by setting j = 0 in Corollary 2.8.

WORD LENGTH AND WORD-
LENGTH-PRESERVING
AUTOMORPHISMS

In this section, we introduce the notion of the
word length of an element of a group and
apply it to H(Z) and H,, where p is prime.
Then, we discuss two word-length-
preserving automorphisms on H(Z) and H,
that help us prove some identities and
relations on word length.

Definition 3.1. Let G be a group and let M
be a non-empty subset of G. Then, M is a
generating set for G if Vg € G,

g =m'mit . .mit
wherem; e M,1<i< k.

Remark. If there exists a generating set M
for G such that [M| < o, then G is said to be
finitely generated.

Definition 3.2. Let M be a generating set for
G. A word W in M is defined as a finite
sequence of elements of the form
m'mit . .mi! wherem; e M (1 <i < k)and
k=0.

Remark. Ifk = 0, W 1is called the empty
word and W =e, where e is the identity
element in G.

Definition 3.3. Let W be a word in M. The
length of the word W=m{'mi! . mi'in M is
the value of the integer k. The word length of
W, denoted by £(W) in M, is the nonnegative
integer, £ := £(W), defined by

£ =min{k|W = mE'mf* .mi* wherem; e M,1 < i <k}.

Since M is a generating set of G, every word
in M has at least one such representation;
thus, £(W) is well defined.

Definition 3.4. A word W in M is called
reduced if it contains no pair of consecutive
symbols of the form mm~™ or m~'m,m € M.

Example 3.1. Let G = H(Z). Then, by
Equation 2.4, M; = {X,Y,Z} is a generating
set for G. Moreover, by Corollary 2.5, M, =
{X,Y} is also a generating set for G.

Definition 3.3 defines the word length of a
word with respect to a generating set, M.
Henceforth, we will fix M = {X,Y}, where X, Y
are the triples in Equation 2.4. In the case of
the finite Heisenberg group, we will focus
our attention on H,, where p is prime.

Example 3.2. In H(Z), using Equation 2.6
and Corollary 2.5 (1),
(1,1;1) = YXZ = YX(XYX~1y™1)
=YX?yx-ly-1.

One also verifies that (1,1; 1) = XY.

Since the only words of length 1 are X*! and
Y*! (corresponding to (+1,0;0) and (0, +£1; 0),
respectively), we find that any other
nonidentity element g € H(Z) has a word
length at least 2. It follows that XY is one of
the shortest words equal to (1,1; 1). Thus, the
word length of (1,1;1) is £(XY) = 2.

Remark. We call M the standard generating
set and X and Y the standard generators for
H(Z).

The next result establishes an interesting
relationship between the word length of an
element of H(Z) or H, and its inverse.
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Theorem 3.1. Let g € H(Z) or H,. If £(g) = k,
then £(g~1) = k.

Proof. Suppose that I(g) = k. Then, there

exists my,my,...My_1,M; €M and
il' iz, ey ik—l' ik € {1, —1} such that
N ST k-1, 0k
g=m/m;} .m; < my 3.1)

1s a reduced word and % is minimal.

. . . . -1
— 1A L Upe— l
Now, g1 = (mllmz2 ...mk"_llmk")

=m km L myPm " (3.2)
Assume, for contradiction, that £(g~1) < k.

Observe that g=! is a reduced word.
Otherwise, if there exists a pair mm™! or
m~!m in Equation 3.2, the pair m™'m or

mm~?! also appears in Equation 3.1.

Moreover, if there exists an expression for
g~ ! of word length less than k, then taking
the inverse gives a reduced word for g and
has a word length less than k, a
contradiction to the minimality of k. O

Now, we construct two automorphisms of
H(Z) and H, that preserve word length.
These maps help us derive some word length
1dentities that help reduce the domain in
finding the word length of the elements of
H(Z) and H,.

Theorem 3.2. The mapo:H(Z) - H(Z)
(respectively o: H, — Hy) given by

a((a, b; c)) = (b,—a;c — ab)
is an automorphism of H(Z) (respectively Hy).

Proof. Let g, =(ay,bi; c1), g2 = (a2, b5 ¢5) €
H(@Z) (or H,). We verify the o is a
homomorphism by direct computation using
Equation 2.3. Forg,9, = (a; +ay, by +

b,; ¢, + ¢; + a1b,), we compute,
0(9192) = (b1 + by, —(ay + ay); (¢y + ¢ + a1by) — (ay + ay)(by + bz)).

On the other hand, applying o to each

element and then multiplying,

a(g1)o(g2)
= (by, —ay; ¢, — a;1b1) (b, —az; ¢; — azby)
= (b1 + by, —ay — az; (c1 — azhy) + (c2 — azby) + by (—ay)).

Note that (¢; + ¢, +a.b,) — (a; +a,)(b; +
by) = (¢y — a1by) + (c; — azb;) + bl(_az?-

So  0(g9192) =0(g1)o(g,) and o is a
homomorphism.

Also o is injective since,
Ker o ={g = (a,b;c)|a(g) = e}
= {g|(b,—a; c — ab) = (0,0; 0)}
= {(0,0; 0)}.

Moreover, o is surjective since for a given
g = (a,b;c) € H(Z), we have
o((=b,a;c — ab)) = (a,b; (c — ab) — (=b)(a))
= (a,b;c)
=g.

Thus, o is established as an automorphism
of H(Z) (respectively H,). 0

Corollary 3.3. Let X, Y, Z be the generators of
H(Z) (respectively Hy) in Equation 2.4. Then,

the following hold:
i. o(X)=Y71,
ii. o(Y)= X, and
iii. a(2) = Z.

Proof. Apply Theorem 3.2 to X, Y, and Z as
follows:

i o(X) =0((1,0;0)) =(0,—-1;0) =Y,

ii. o(Y) = ¢((0,1;0)) = (1,0;0) = X, and lastly
iii. 0(2) = 6((0,0;1)) = (0,0;1) = Z.

Theorem 3.4. The map o in Theorem 3.2
preserves word length.

Proof. Let g = AlllAlz2 ...A;(" be a reduced word
where A; € {X,Y} and i, iy, .., ik € {1,—1},
such that #(g) =k is a word that has
minimal length among all the expressions
representing g.

By Theorem 3.2 and Corollary 3.3, the
automorphism ¢ maps each generator to
another single generator: o¢(X)=Y !and
o(Y) = X. Thus,

a(g) = (I(AlllAlz2 ...A;c")
o(A7)o (A7) ..o(A)

B1B, ... B; where B; = {

XU,ifA; =Y
YU ifA; = X
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We note that the image o(g) = B;B, ... B 1s
an expression of length k.

Assume, for contradiction, a shorter word
representing a(g), say o(g) = B1Bj ... B], with
| < k exists. Applying o~ ! of both sides, we
find g= o7 '(B))o" (B})..c7(B)), an
expression for g of length at most [, so that
?(g) <l < k, leads directly to a contradiction
with the minimality assumption. Therefore,

2(0(9)) =k = £(g). 0

The proof of the next three results is like the
proofs of the previous three results.

Theorem 3.5. The map ¢:H(Z) - H(Z)
(respectively ¢: H,, — Hp) given by

¢((a,b;0)) = (—a,b; —c)
is an automorphism of H(Z) (respectively H,).

Corollary 3.6. Let X,Y, Z be the generators of
H(Z) (or H,) in Equation 2.4. Then, the
following hold:

LX) =Xx"1,

ii. ¢(Y)=Y,and

. ¢(2) =z71.

Theorem 3.7. The map ¢ in Theorem 3.5
preserves word length.

The automorphisms ¢ and ¢ satisfy o* is the
identity and ¢? is the identity. While they do
not generate all word-length-preserving
automorphisms of H(Z), they are sufficient
to produce distinct but equivalent
representatives that preserve word length.

By applying these automorphisms, elements
of H(Z) can be grouped into sets of elements
that are mapped into each other while
preserving word length. This allows us to
focus on a single representative from each
such set when analyzing minimal-length
expressions.

Instead of analyzing the entire set of
triples (a,b;c) € H(Z), we may therefore
restrict attention to a smaller subset—such
as those satisfying a > 0,b > 0 or lying in a

specific region of the integer grid (e.g., where
both a and b are nonnegative)—without loss
of generality. This is what we mean by
saying that these automorphisms “reduce
the domain” of the triples: they allow us to
focus on a smaller, manageable set of
representative elements, making it possible
to study word length systematically without
considering every case.

Remark. By convention, whenever we write
a word W as

W = X% ybi Xt yb2  xar-1ybr-ixar ybr
the exponents a; and b, may be zero but
a1 #0and b; #0for1 <i<r-1.

Definition 3.6. Let
W = X% ybi Xz ybz  x@r-1ybr-ixar ybr
be a word of finite length. The reverse of W,
denoted by WX, is
YPrxar ybroi xar-1 | ybaxzybixas,

Lemma 3.8. Let W be a word of minimal
length corresponding to g = (a,b;c) € H(Z)
(or Hy). Then, WR is a word of minimal
length corresponding to g' = (a,b; —c + ab).
In particular, ¢(W) = ¢(WF).

Proof. Let g=1(a,b;c)€ H(Z)and let
W = X% ybi xaz ybz  x4r-1ybr-ixar ybrhe g
word with minimal length representing g,
that is, g = W.

Recall that from Theorem 3.1, any nontrivial
element and its inverse have the same word
length.

Moreover, the mapping ¢ in Theorem 3.2
preserves word length. Applying o2 to W and
taking 1ts inverse, we have,
(a2(w)) ™

= (02(X% Yo X% ybz . xor-1ybroixar ybry) ™t

= (X~ y b1 x-02ybe X~r-1y~broix—ery-br)-1
= Ybrxarybr-aixar-1 | ybzxazybiya:

= WK,

Doing the same to g, we find
(crz(g))_1 =(—a,—b; c)" ' = (a,b;—c+ab) = g'.
Thus, g’ = WR and ¢(WR) = ¢(W). 0
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Lemma 3.9. Let g = (a,b; c) € H(Z) (or Hy).
Then, {’((a,b; c)) = {’((b, a; c)).

Proof. Let g = (a,b; c) € H(Z) or Hy,. Then,

(qb(cr(g)))_1 ((;b(a(b, —-a;c— ab)))_1

= ((=b,—a; —c + ab))_l
= (b,q;c).

Since word length is preserved by g, ¢, and
inverses (from Theorems 3.1, 3.4, and 3.7),
we have #((a, b; ¢)) = ¢((b, a; ¢)). O

WORD LENGTH IN THE DISCRETE
HEISENBERG GROUP

In this section, we provide combinatorial
formulas for the word length of elements in
the discrete Heisenberg group H(Z). The
word-length-preserving automorphisms
introduced earlier help us reduce the domain
of H(Z), allowing us to derive formulas for
the word length of elements more
systematically and efficiently.

We begin by reducing the domain of the
discrete Heisenberg group.

Let g =(a,b;c) € H(Z), where a,b,c = 0.
Observe that by applying o2, ¢, and ¢2¢ to
g, we have the following:
g =(a,b;c),
0%(g) = (—a,—b;c),
#(g) = (—a,b;—c) and
a?(¢(9)) = (a,—b; —c).

Similarly, if a,b,c = 0, we have
g' = (a,b;—c),
0%(g') = (—a,—b; —c),
¢(g') = (—a,b;c) and
o?(¢(g")) = (a,—b;0).

This shows that for every triple (a,b;c),
there exists a representative (through
automorphisms) with a>=0 and b >=0.
Therefore, with respect to the word length in
H(Z), we can limit the values of a, b,and ¢ to
a = 0andb>0.

To further reduce the domain, we now show
that ¢ may also be assumed to be
nonnegative. Let a,b = 0 and ¢ < 0. We

have
a?((a,b;c)™Y) = 6%((—a, —b; —c + ab)) = (a,b; —c + ab).

But o preserves word length and
2(g) = £(g™1). Thus, it follows that

{’((a, b; c)) = {’((a, b; —c + ab)) 4.1)
with —c + ab > 0. This means that if ¢ < 0,
there exists an element g’ = (a',b’;¢") with
¢' > 0 such that #(g) = (g"). Therefore, we
may assume ¢ > 0 as well.

Therefore, due to the symmetry of the
discrete Heisenberg group H(Z) induced by
the automorphisms ¢ and ¢, we can restrict
analysis without loss of generality to
elements with nonnegative coordinates.

It can be verified rigorously that none of the
words of length equal to 1,2, or 3 are
equivalent to Z. However, one verifies that
among the words of length 4, four
expressions are equal to Z. These are the
same expressions we enumerated in
Corollary 2.5. Hence, £(Z) = 4.

Let g € H(Z) be an element of the center of
H(Z). Then, g = Z* for some k € Z. While there
are infinitely many words that represent Z¥,
we illustrate four standard forms that arise

from Lemma 2.2 and Corollary 2.5 as follows:
Z* = (0,0; k)
= (XYX-1Y~1)k = (XYX~ly"D)(XYX Y1) .. (XYX~'Y~Y) [k factors] (4.2)
= (YTIXYX~DK = (YIXYX D) (YTIXY XY L (YTIXYXY) [k factors] (4.3)
= (XYIXY)R = (XY IXY)(XTIYTIXY) L (XTIYTIXY) [k factors] (4.4)
= (YX-WYTIX)K = (VXY TIX)(YX Y 1X) . (VXY 1X) [k factors] (4.5)
The expressions in Equations 4.2—4.5 do not
represent all possible words for Z¥. Other
equivalent words may be formed by inserting
identities such as ZZ~! or group relations
involving commutators that preserve the

group element.

We begin by considering four forms for
representing powers of Z, based on
juxtaposing the factors, say XYX~ly~1L
Letting Z*¥ = (0,0;k) € H(Z), the expression
Z¥ = (XYX-'v=YH* has length 4k, as each
factor contributes four letters.
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Corollary 2.6 provides reduced expressions
for powers of Z¥, constructed through careful
reordering of generators and guided
cancellations that significantly shorten
lengths. These expressions have length
2(k + 1), which is significantly shorter than
the naive concatenation of k copies of the
commutator form XYX~1Y~!, having length
4k. For any nonzero k, we explicitly have the
inequality 2(k+1) < 4k, confirming
explicitly that expressions from Corollary
2.6 indeed provide strictly shorter lengths
compared to the naive expansion.

However, while these expressions are
systematically constructed and preserve
word length under the automorphisms
described earlier, they are not always
minimal. For instance, Lemma 2.2 shows
that the expression X 2Y~3X2?Y3, which
represents Z°, has length 10. This is shorter
than the bound 2(6 + 1) = 14 suggested by
Corollary 2.6. Thus, while such bounds serve
as useful benchmarks, they do not guarantee
minimality in all cases.

This phenomenon is also observed when c is
a prime number. Consider Z7, which is
represented by the word X2y ~2x3y3x-1y~1,
of length 12. This is strictly shorter than the
bound 2(7 + 1) = 16, again indicating that
the expression in Corollary 2.6 only provides
an upper bound and does not characterize
the minimal length.

In general, for any positive integer k, we may
express Z* using a commutator of the form
W = X5YtX~5Y~t, where s,t € Z* and st = k.
This yields a word of length 2(s+t),
providing the upper bound #(Z%) < 2(s + t).
Now consider the case when k is a perfect
square, say k =m?. Choosing s=t=m
yields the expression w = x™y™ x-my-™ which
represents Z m®  and has length 4m.
Therefore, {’(Z "2) < 4m.

We now single out the perfect-square case,
which will be useful in the discussion that
follows.

Lemma 4.1. If k =n? and n is a positive
integer, then £(Z*) = 4n.

Proof. Let k =n?, where n is a positive
integer. From Corollary 2.7, we have,
Z"* = xnynX~ny~" This word contains n
copies each of X, Y, X1, and Y1, and hence
has length 4n. Therefore, if k =n?, then
£(Z%) < 4n.

Now, let W = X@yPi1x%ybz... xaryPr e any
reduced word representing Z*. Let s be the
total of all positive X-exponents and t the
total of all positive Y-exponents. By Lemma
2.3, the exponent of Z contributed by the
word 1s Zisj aibj =n2.

Since at most s units of positive X can pair
with at most ¢ units of positive Y, this sum is
at most st. Hence st > n?. This pairing bound
is justified rigorously in Appendix A (see
Lemma A.1).

Assume for contradiction that #(W) < 4n.
Then, 2(s+t) <4n=>s+t < 2n.

But arithmetic mean—geometric mean (AM-
GM) inequality gives s+t > 2+/st >2n,a
contradiction.

Hence, no shorter word exists. The word
X"'Y"X7"Y™" of length 4n is minimal, and
therefore, £(Z ”2) = 4n. 0

We can also see that the word length of any
central element is always even.

In any reduced word for a central element,
the total power of X is zero and the total
power of Y is zero. This means the number of
X letters is even and the number of Y letters
1s even, so their sum, which is the word
length, is also even. We give a formal proof
of this property below.

Lemma 4.2. For any ¢ € Z*, the word
length €(Z°) is always even.
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Proof. Let W = X%1ybix%2ybz ... xamybm he g
reduced word representing Z¢ = (0,0,c¢),
where each a;, b; € Z, possibly allowing the
first or last exponent to be zero. Then, the
word length is #(W) = 2r, for some positive
integer r.

Suppose, for contradiction, that £(W) is odd.
Then, we may write £(W) = 2q + 1 for some
integer q = 0. This implies that the total
number of generator terms (each being a
power of X, Y, or their inverses) is odd. Thus,
either the number of X-terms or the number
of Y-terms is odd.

However, since W represents Z¢ = (0,0, ¢), it
must satisfy Y a; = 0 and Y b; = 0, which is
only possible when both the number of X-
terms and the number of Y-terms are even.
This contradiction shows that (W) cannot
be odd.

Therefore, £(Z¢) = £(W) = 2r,for some r € Z*.
Hence, ¢(Z€) is always even. O

These observations serve as the foundation
for the formulas we now present in Theorem
4.3, which describe the formulas for the word
length of the elements of the center of H(Z).

Theorem 4.3. Let ¢ > 0 and n € N. Then, the
word length for Z€ is given by

4n, if c =n?
€(Z)=42@2n+1), ifc=n*+kwhere0<k <n
4n+1), ifc=nn+1)+kwhere0<k<n

Proof. To establish the minimal length of Z¢
for a given positive integer ¢, we consider all
factorizations ¢ = st, where s,t € Z*, and
aim to minimize the sum s+ t. This sum
directly governs the word length £(Z°¢), since
the commutator expression XSY{X~Sy—t
yields £(Z%) < 2(s + t).

(i) Suppose ¢ = n?. By Lemma 4.1, we have
2(Z™) = 4n.

(it) Now suppose ¢ = n? + k, where 0 < k < n.
From (i), we have £(Z"") = 4n.

We begin when k=1. Observe that
AGREIEY A4 By concatenating the minimal
word of Z" with any expression of Z from
Corollary 2.5, we get a word of at least
4n + 4. But since Z is in the center of H(Z),
carefully choosing and inserting an
expression of Z from Corollary 2.5 to the
expansion 7" = X"Y"X Y™ can just add
two units to the word length of Z"°. That is,
ZTL2+1 — ZnZZ

= X"Y"X Y (XY TIXY)

= X" (XY IXY)Yyrx Ty

— Xn_1Y_1XY"+1X_nY_n.

From this, {’(Z”ZH) <4n+2.

When k =n, we have c=n? +n=n(n+1).
The sum s + t is minimized when s = n and
t=n+1lors=n+1andt=n. Without loss
of generality, taking s =n and t = n + 1, the
explicit minimal expression from Corollary
2.8 (1) 1s

ZntHn — gn(n+1) — Xnti-iyny-(ntDy-nyi (0 <j <n). (46)

In either case, s+t=2n+1 and by
Corollary 2.8 yields
2(zn D) < 4n+2 =202n+ 1).

Since Z lies in the center of H(Z), inserting
or moving Z does not alter the group element
it represents. Performing [ swaps of Y with
one adjacent X, each swap reduces the third
coordinate by exactly ¢. Hence,

gnitn=l — yn—jylyyn-ly-(n+Dy-nyj —
xn+i-jyny-ny-lx-1y-n-Dxj (1 <1 <n). (4.7)

Though n?+n—1#n(n+ 1), the pairss =n
and t =n+ 1 (or vice versa) minimize s + t
ensuring minimality. Thus, combining
Equations 4.6 and 4.7, we find that for 0 <
k< n,

2(ZV*) < 4n+2=202n+1).

We now show £ (ZV+%) = 4n + 2 = 2(2n + 1).
First, we will show that ¢ (2% *+) > 4n.

Let ¢ =n®*+k with 1 < k <n. Suppose, for
contradiction, that there exists a reduced
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word W = X% ybix42 ybz... X%m ybm for z¢
with total length A + B < 4n, where
m m

A= Zlail, B = Zlbil.
i=1 i=1

Since Z¢ is central, we have Ya; =0 and
Y'b; = 0, so exactly % of the X-letters and g of

the Y-letters are positive. Only the positive
X-letters and positive Y-letters can
contribute to the largest possible value of the
third coordinate. By Lemma 2.3, the third
coordinate is ¢ = },;<ja;b;.

Placing all positive X-letters before all
positive Y-letters ensures each positive X
pairs with each positive Y, giving the largest
possible value in Lemma 2.3. This gives
A B AB
c<= = =—.
2 2 4

From the AM-GM inequality,

(A + B)? - (4n)>
AB o4

socs— < n?, contradicting ¢ = n? + k > n?.

AB < 4n?,

2
Thus, no reduced word for Z* **¥ can have

length at most 4n, and so f(Z"z”‘) > 4n.

By Lemma 4.2, every central element has
even word length. Therefore, since
4 (Z "2”‘) is even and strictly greater than 4n,
the smallest possible value is £ (2%°**) = 4n +
2=202n+1).

(iti) For the remaining case, suppose
c=nn+1)+kwith0<k <n.

Minimizing s + t is achieved by setting s = n

andt =n+2ors=n+2andt = n.Ineither

case, s +t = 2n + 2 and by Corollary 2.8,
2(zM+2) < 2(2n +2) = 4(n + 1).

Without loss of generality, choose s = n and
t=n+2 and from Corollary 2.8 (i), the
explicit minimal form is

ZnPHem = gnint2) = gnvz-jyng-midy-ngi (0 <j<n) (4.8)
which indeed has word length 4(n + 1).

We now show how to lower the exponent

without changing the length. Inside the word

in Equation 4.8, there 1s an adjacent pair XY.

Using XY =YXZ,we may swap this pair,

which introduces one central Z.

Zn2+2n =X n+1—j (XY)Y n—lx—(n+2)Y—nxj

=X n+1-j (sz)y n—lx—(n+2)Y—nxj
=X n+1—jYX Y n—lx—(n+2)y—anZ.

Multiplying both sides on the right by Z71
yields a word of the same length representing
Zn2+2n—1 — Xn+1_jYXYn_1X_(n+2)Y_an and
therefore decreases the central exponent by
exactly 1 while leaving the number of
generator letters unchanged.

Repeating the same computation once more
produces Zn2+2n—2 = xnt+i-jy2yy n—Zx—(n+2)y—nxj,
still of word length 4(n + 1).

Continuing in this manner, after [ swaps we
obtain

zriransl - ynrisjylyyn-ly-(mi2y-nyji g <j<n (4.9)
which again has word length 4(n + 1).

Thus, every exponent in the range
n+n+1<n?+2n—-1<n?+2n can be
obtained without increasing the word length.

Now, write c=n?’+n+k. We solve
n+2n—-Il=n’>+n+k, which gives
l=n—k.Since0 <k <n,wehave0 <[ <n,
so an appropriate number of swaps exists.
Substituting [ =n—k into Equation 4.9
yields a reduced word representing Z€ of
length 4(n+1). Thus £(Z¢) < 4(n+1).

Now, we show £ (Z¢) = 4(n + 1).

Note that by Lemma 4.2, the word length of
any central element is even; thus, the
inequality #(Z¢) > 4n + 2 forces £(Z€) = 4n + 4.
Together  with  the  upper  bound
2(Z¢) < 4(n+ 1), the only possible value is
2(Z°) =4(n+1).

Let c=n(n+1)+k with 0 <k <n. Suppose,
for contradiction, that there exists a reduced
word W = X% ybix% ybz... xm ybm for z¢
with total length A + B < 4n + 2, where
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m m
A=lal B= )bl
i=1 i=1

Since Z¢ is central, we have Ya; =0 and
Y'b; = 0, so exactly g of the X-letters and g of

the Y-letters are positive. By Lemma 2.3, the
third coordinate is ¢ = Y,;<;a;b;.

The sum is the largest when all positive X-
letters appear before all positive Y-letters,
.. A B _ AB

giving, ¢ < >, =

From the AM-GM inequality,

(A+ B)? - (4n + 2)?
AB - 4 1

o) c<=—<n*+n+-
4 4

c=n(n+1)+k>n2+n+i.ThuS,{’(ZC)>4n+2.

AB < =4n’ +4n+1,

contradicting

Thus, no shorter word exists. Since a word of
length 4(n + 1) exists by construction, and
since the word length of any central element
must be even (Lemma 4.2), the strict
inequality #(Z¢) > 4n + 2 forces ¢(Z¢) = 4n + 4.

Combined with the upper bound

2(Z°) <4(n+ 1), therefore, for
c=n(n+1)+k with 0 < k <n, we conclude
that £(Z¢) = 4(n + 1). O

Hence, Theorem 4.3 -classifies all word
length of Z¢ for any positive integer c. Each
case achieves minimality based on the
arithmetic structure of c.

In the next results, we give a formula
for f((a, b; c)) for all nonnegative integers
a, b, and c. Specifically, Theorem 4.4 tackles
the case when 0 < ¢ < ab while Theorem 4.5
discusses the case when ¢ > ab.

Theorem 4.4. Let a,b,c € Zsy such that
c < ab. Then, £ ((a,b;c)) = a + b.

Proof. Consider the word W = X%YP. By
Lemma 2.3, this word represents the group
element (a,b;ab) and has length a + b.
Thus, ¢ ((a,b; ab)) <a + b.

Now in Equation 2.5, we have the relation
XY =YXZ. Swapping one X past a Y
decreases the last coordinate by one.
Specifically, we have
(a,b; ab—1) = (a,b; ab)(0,0; —1)
=Xxaybz-1
= Xeyb(x-yxy—b),
which simplifies to (a,b;ab — 1) = X¢~1yXy>-1,

Notice explicitly that after inserting Z71,
four letters initially appear, but due to the
fundamental commutative relation
(Equation 2.5), these letters precisely cancel.
This scenario achieves optimal cancellation,
minimizing the final word length. Repeated
application of such swaps allows us to
construct a word of the same length, a + b,
that represents the element (a, b; ab — k) for
any 0 < k < ab. Therefore, for every integer
¢ with 0<c<ab, there exists a word of
length exactly a+ b representing (a,b;c).
Thus, ¢ ((a,b;c)) < a +b.

More generally, starting from

(a,b; ab) = X*Y?, we systematically swap

using XY = YXZ and Z = XYX~1Y~! yielding
(a,b; ab) = Xay?

(a,b;ab — 1) = X4 yxyb-1

(a,b;ab —2) = X2y x?yb-1 = xa-ly2xyb-2

(a,b;ab — a) = X4~ ayXeyP-1=yx2y>-1 (4.10)

Thus, in general, if c = ab — (ka + [) where
0<k<b-10<1 < qa,then
(a,b;c) = (a,b;ab — (ka + 1)) = Ykxe-lyxtyb=-k-1,

Now suppose, for contradiction, that there
exists a shorter word W' with f(W') <a+b
representing (a, b;¢). But then the sum of
the X- and Y-exponents (and its inverses)
used in W’ must be fewer than a + b. But by
Lemma 2.3, the first two coordinates of any
element represented by a word are equal to
the total exponents of X and Y, respectively.
Hence, using fewer than a Xs or fewer than
bYs would make it impossible to reach the
required first two coordinates. This
contradiction shows that no such shorter
word exists. Thus, ¢((a,b;c) = a+ b for all
c < ab. O
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Theorem 4.5. Let a,b,c€Zsy, and
suppose ¢ > ab. Then, there exist nonnegative
integers s and t such that (a+s)(b+1t) =c
and s + t is minimal. Then,

?((a,b; c)) =a+b+2(s+1).

Proof. Let (a,b;c) € H(Z) with ¢ > ab. From
Lemma 2.3, any word consisting only of a
copies of X and bcopies of Y has a third
coordinate at most ab. Hence, it is impossible
to represent (a, b;c) using a + b generators
when ¢ > ab. Thus, additional copies of
X and Y are necessary to reach c.

To address this, we explicitly select integers
s,t > 0 such that (a + s)(b + t) > ¢, ensuring
that the sum s+t is minimal among all
feasible solutions. The minimality of s+t
ensures that we are adding the smallest
number of additional generators needed.

Starting from

(a+s,b+t;(a+s)(b+t)) =Xxatsyb+e
we apply the optimal swapping operations as
described previously (analogous to Equation
4.10), yielding a reduced word of the form
(a+sb+t;c) = Xaybixeybz  xaryPr (4.11)
where }i_;a; =a+s,Yj-1bj =b +t.

Because the word in Equation 4.11 uses
exactly s+t added generators, and we
choose s+t to be minimal subject to the
constraint (a + s)(b +t) = ¢, by the structure
established in Theorem 4.4, we have
t((a+sb+t;¢0) =(a+s)+(b+10)
=(a+b)+(s+1t).

Premultiplying the right-hand side of
Equation 4.11 by Y~¢ and postmultiplying it
by X~° yields

(a,b;c) = Y7H(x% ybix%2 ybz,  x% ybr)x s,

Note that by the group operation in Equation
2.3, left multiplication by Y=t = (0,—t;0)
changes only the second coordinate, since the
added a;b, termis 0-b = 0.

Similarly, right multiplication by
X5 =(-s,0;0) changes only the first

coordinate, since the added term ab, =a-
0 = 0. Thus, the third coordinate ¢ remains
unchanged. Therefore, the word constructed
above has minimal length  since
2((a,b;c)) <a+b+2(s+1).

Suppose, for contradiction, that there exists
another word W representing (a, b;c) with
length strictly less than a+ b+ 2(s +t).
Then, it must use fewer than s additional Xs
or fewer than t additional Ys.

However, having fewer X- or Y-terms than
required would decrease the third coordinate
below «¢. Therefore, any word fewer
generators cannot represent (a, b; ¢).

This contradicts the assumption that W
represents (a, b; ¢).

Since the chosen values of s and t already
minimize the added terms while still
reaching the required ¢, the constructed
word has the shortest possible length. Thus,
£((a,b;c)) =a+b+2(s+t). O

WORD LENGTH IN THE FINITE
HEISENBERG GROUP

We start this section by reducing the domain
of the finite Heisenberg group. Applying the
word-length-preserving automorphisms o
and ¢ to H, allows us to limit the values of
the elements of the field Z, in the set
H, ={(a,b;c)|a,b,c € Z,} as follows:

g = (a,b;0),
02(g) = (—a,—b;0),
¢(g) = (—a,b;—c),and
o?($(9) = (a,—b;—0).

Thus, if we set Z, = {— [EJ s —2,—-1,0,1,2, ..., H},
2 2
then we may limit the values of a,b to
0<ab< FJ and c¢ € Z,. That is, 0 and ¢
2

reduces the domain of H, = {(a,b;c)|a,b,c €
Ly} to about a quarter of its total number of
elements.
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Theorem 5.1. Let 0<c < EJ and n € N.
Then

4n, if c=n?
2(Z¢) =522n+1), ifc=n?+kwhere0<k <n
4(n+1), ifc=nn+1)+kwhere0<k<n

Proof. In the finite Heisenberg group H,, the
third coordinate is taken modulo p. The

condition 0 < ¢ < EJ ensures that the central

element Z¢ = (0,0,c¢) does not undergo any
reduction modulo p. Within this range, the
third coordinate of Z¢in H, agrees exactly
with its third coordinate in the infinite group
H(Z). Consequently, the word length of Z¢ in
the finite case is identical to its word length
in the infinite case. Thus, Theorem 4.3
applies directly and yields the stated
formula for £(Z€).

Remark. In Theorem 5.1, the expressions
4n, 2(2n+1), and 4(n+ 1) describe the
actual word lengths of the elements Z€.
These values are nonnegative integers and
are not taken modulo p.

Remark. When ¢ > EJ, cE€E {—1, 2,00, EJ},
so that #(Z¢) = €(Z7°), where 0 < —c < EJ

By Theorem 3.1, which states that taking
inverses does not change word length,
2(Z°) = €(Z7°). Thus, £(Z€) can be obtained
from £(Z~¢) and Theorem 5.1.

Theorem 5.2. Let a,b,c €Z, such that
0<ab< EJ If0 < ¢ < ab (ab is not reduced
mod p), then £ ((a,b;c)) = a+b.

Proof. The condition 0<a,b < EJ comes

from the reduction used in Theorem 5.1: the
automorphisms ¢ and ¢ map any element of
H), to another representative with the same
word length but whose first two coordinates
lie in this range. Thus, we may assume a and
b satisfy this bound without loss of
generality.

Under this assumption, the third coordinate
¢ is not reduced modulo p, so the word length

of (a, b; ¢) in H, is the same as in the discrete

Heisenberg group. The conclusion now
follows directly from Theorem 4.4.

Corollary 5.3. Let p > 11. If 0 < a,b < EJ and

ab = p — 1 (ab is not reduced modulo p), then
£ ((a,b; c)) =a+b, Vc €Ly

Remark. The condition ab=p—1 with
0<ab< EJ can occur only when p =11,

since (EJ — 1)2 > p — 1 first holds for p = 11.

Lemma 5.4. Let (ab;c)€EH, with
b
0<ab<[/p]|and [%]SCSab. If ab<p

and W is a word with word length fy
representing (a, b; ¢), then

i. (a,b;ab—c¢)=WRFand

ii. ¢((a,b;ab—c))="*y.

Proof.

1. Let (a,b;c) € H, and

W = X4ybs xdaybz | Xak-1yPk-1 XyPk with
0<ab<[/p]and [a—:] <c<aband ¢(W) = ¢,.

If ab < p, then by Lemma 2.3,
k
Xa1ybr yazybz  xak-1ybk-1 xakybk — (

So we have

i>j
b

and by Lemma 2.4

(a,b;ab —c)

I
1=
2
INgR
=
k)
o

YPrXUyPr-1X0k-1 YDz X02yb1)
WR.
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ii. Immediate from (i) above and the
assumption that W is of word length #,. [

Remark. The assumptions 0 <a,b < |/p|
ensure that ab < p, so the third coordinate of
(a,b;c) in Hp 1s not reduced modulo p. While
the condition [az—b] < c < ab guarantees that
the third coordinate appearing in Lemma 2.3
remains valid in H,, the integer value of the
third coordinate coincides with its value in
H(Z) and is unaffected by reduction modulo
p. With these two assumptions, the
computation of the third coordinate proceeds
exactly as in H(Z), allowing Lemma 2.3 to be
applied without modification.

Lemma 5.5. Let (a,b;c)€ H, with
0< ab< EJ If ab > p, then there exists an
5,0 <s <p, such that ab = s mod p, so that
(a,b; ab) = (a,b;s) € Hy,.

Moreover, for E] <c<slet (ab;c)=W'

where W'is a word with word length £y,
then

i. (a,b;s—c)=W'R and

1. f((a,b; s — c)) =Lty

Proof. Since ab > p,ab = smodp, 0 <s <p.
Thus, (a, b; ab) = (a, b; s). Let E] <c¢< sand
let (a,b;c) =W'. Since ab>p, p>s, s =g,
we have ab>c. By Theorem 5.2,
2 ((a,b; ¢)) =a+b.

Thus, W' =X%Yb1 x%yb2  xa%ybk with
a=Y%¥ a;, b= 2?21 bj,and ¢ = Zif_j:l a; b;.
i<j

So, we have £y, = Z{-‘zl a; + E§=1 bj =a+b.

Now, from Lemma 5.4 (1),
W'R = ybrexk . ybzxazybix®

= (a,b;ab — ¢)
= (a,b;s —¢)

since ab = s mod p. This proves part (i).

Part (ii) immediately follows since ab > s — c.
U

Lemma 5.6. Let (a,b;c)€H, with
0<ab< EJ If ab < c, then there exists an
integery > 0 such that (a,b;c) = (a,b; ab +y).
Moreover, if (a,b;ab+vy) =W, where W is a
word of word length £y, then

i. (a,b; —y) = WRand

ii. £((a,b; —y)) = tw .

Proof. Let (a,b;c) € H, with 0 <a,b < EJ

If ab < ¢, then by division algorithm ¢ = ab +v,
where 0 <y <p—ab and (a,b;c) = (a,b;ab +7).

Now to prove (i), let W = (a,b;ab +y). By
Lemma 3.8,
WR = (a,b; —(ab +y) + ab) = (a, b; —y).

Finally, (ii) follows from second statement of
Lemma 3.8. U

Lemma 5.7. Let (a,b;c)€H, with
0<ab< EJ such that ab < c. Then, there

exists a & > 0 such that

_ _ ((a, b; =6), if ab is odd
(a,bab+6) = {(a,b; -8 —1), if abiseven

Proof. Set § = lp_zabJ.

If ab is odd, then (p — ab) is even. Thus, § =
p—ab

or equivalently ab =p — 28, and we
have (a,b;ab + 8) = (a,b; (p — 26) + 8) = (a, b; —6).

Now, suppose ab is even. Then, (p —ab) is
odd, and & = p_azﬁ or equivalently ab =p —
26 — 1.

Hence,
(a,b;ab+6) =(a,b;(p—26—-1)+6)
= (a,b; =6 — 1). 0

Remark. Let (a,b; c) €H, with ab<c.
Lemmas 5.6 and 5.7 indicate that with
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respect to word length, we can further limit
the value of c to ab < ¢ < ab + p_zabJ.

Theorem 5.8. Let a,b,c €7Z, such that
0<ab< EJ Ifab<c<ab+ lp_zabJ, then

?((a,b;c)=a+b+2(s+1t)
for some nonnegative integers s and t such
that (a +s)(b+t) = cand s +tis minimal.

Proof. Follows from Theorem 4.5. In this
range of ¢, the third coordinate never
reaches p, so no reduction modulo p occurs.
Hence the computation is the same as in
H(Z), and the formula from Theorem 4.5
applies without change. N

When a = Ej,b —1and c€Z,=1{012..,p- 1},
we get this interesting result.

Theorem 5.9. In H,, if ¢ > EJ, then

o((l 1)) =2 +2

Proof. If ¢ > EJ, and write ¢ =mmodp
where m € {—1, -2,y = EJ} Leti=m+ EJ,
so thati € {0,1, ) EJ — 1}. We start with the

XLy = (- [f] 5 [f]) ana
perform the swapping operation in Equation

4.10.

expression

Observe that swapping one copy of X~ with
a copy of Y to its right, that is, XY - YX ™1,
increases the third coordinate of the triple by
one unit. Thus,

x by = (- 2] 1- )
xzl+yx-1 = (— [g] 1;— [gj + 1)
xlitrer = (- u- g +2)
- A L )

In general,
x7Eltyx-i = (< ]2, 1~ |2 + ¢) where 0 < i < 2] - 1. (5.1)

Now, postmultiplying both sides of Equation
5.1 by X! yields

LBy - = (_ EJ —11;— BJ + i) = (EJ 1 m)-

Since m = — EJ + i, this choice of i gives the

required representative of (EJ,l;m).

Consequently, we get

f(([gj,l;m)) = e(([Y 1) < (5] -1+ 1) + v = [ 42

It remains to show that no shorter word
represents (Ej,l;m). Indeed, any reduced

word of length at most EJ + 1 with second
coordinate 1 must contain exactly one letter
Y*! and at most EJ letters X**. In that case,

the third coordinate is determined by the
position of this single Y*! among the X*1s,
and successive swaps change the third
coordinate by exactly one.

Starting from X _EJY, these swaps produce
precisely the wvalues —EJ,—EJ +1,..,—-1;
hence, m cannot be obtained with length
less than or equal to EJ + 1 once the first two
coordinates are fixed. Therefore,

o((l] o)) =2+

Combining both inequalities gives

o((l 1) = -2

as desired. N

Remark. Compared to Theorem 5.8, the
above results state that when a = EJ ,b=1
and ab < ¢, then ¢ ((a,b; ¢)) =a+ b+ 1.

Corollary 5.10. In H,, if ¢ > EJ, then
e((v) =g +2

Proof. This result directly follows from
Theorem 5.9, Lemma 3.9, and the remark
after the proof of Theorem 5.9.
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THE ELEMENTS OF H,,

In this section, we focus on the finite
Heisenberg group H, being a finite p-group
and study some of its algebraic structures. It
turns out that the automorphism ¢ can be
used to classify the elements of H,. Further
investigations on some algebraic structures
in H, reveal connection to the word length of
the elements of H,.

This illustrates that the automorphism ¢ in
Theorem 3.4 also induces other algebraic
structures in H,. We first present a
classification of the elements of the finite
Heisenberg group using this automorphism.
Then, we discuss how this classification
induces some structures on the elements of
H,.

Definition 6.1. Let g € H,. Then
1. gis a Type-I element if g is an element
of the center of Hy,,
ii. g is a Type-II element if 02(g) = g7 1,
and
iii. g is a Type-III element if g is neither
Type-I nor Type-II.

Note: The identity element e = (0,0;0)
satisfies both conditions for Type-I and Type-
IT and thus belongs to both categories. To
avolid ambiguity in classification counts, we
explicitly recognize this overlap.

Lemma 6.1. The word length of a Type-I
element is even.

Proof. Immediate from Definition 6.1 (1) and
Lemma 4.2.

Theorem 6.2. Let g = (a,b;c) € H,. The

following are equivalent:
i. gisa Type-II element.
ab

. ¢ =—.
2
iii. If g = X%ybr X%2yb2 | xanybn then
g =Wk,

Proof. Let g = (a,b; c) € Hy.

We first prove (i) = (ii). If g is a Type-II
element, then o2(g) = g~ 1.

But d2(g) = (—a,— b; c) and
g t=(—a,—b;—c +ab). Now, c%(g) =g or
equivalently ¢ = —c + ab. Thatisc = az—b.

To show (ii) = (iii), observe first that from
Lemma 2.3, if g = X%yb: x%yb2 xanybn
then

9= ( ?:1 a; '25'(=1 b; EZ§j=1 a; bj)- (6.1)

i<j

Suppose (ii) holds. Then,
c= az—b, and 2c¢ = ab. (6.2)

Combining Equations 6.1 and 6.2, we find

{8085

i=1 =1

i,j=1 i,j=1
i<j
n n n
2 Zalb] =Zaib1+2albl
i,j=1 i,j=1 i,j=1
i<j i<j i>j
n n
Z a; b] = Z a; b]
i,j=1 i,j=1
i<j i>j
n
c = Z a; bj
i,j=1

This implies that

n

n
g = Zai,ij;Zaibj

n
i=1  b=1 ij=1
i>j

and from Lemma 2.4, g = W&,
Lastly, we prove (iii) = (i). By hypothesis, if

g = X%yb1 xazybz | xan-1ybn-1xanybn (6.3)
then g = Yonxnybn-1xan-1  yb2x%ybixe (6.4)

But from Equation 6.4 and Corollary 3.3,
UZ(g) = Y bnx-Gny-bn-1y—Gn-1  y-bzy—azy-biy-a: (65)
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Comparing Equations 6.3 and 6.5, we find
0%(g) = g~! and g is a Type-II element. O

Remark. Theorem 6.2 (i) and (iii) indicate
that a Type-Il element is a sort of a
generalized palindrome.

Example 6.1. In many cases, a word
representing a Type-II element and its
reverse represent the same group element.
However, they need not be the same word.
For instance, the word XY?X3Y and its
reverse YX3Y2X both represent the element
(4,3;6), but they are not the same word—
highlighting the nonuniqueness of word
representations even for symmetric
elements.

Lemma 6.3. Let g = (a,b;c) €H, where
0<ab< EJ If g is a Type-1I element and ab

is even (ab is not reduced mod p), then
£(g) =a+b.

Proof. Let g = (a,b;c) € H, where 0 < a,b < EJ

If g is a Type-II element, then by Theorem
6.2 (i), c = az—b so that g = (a,b;az—b).

Moreover, since ab 1s even and not reduced
mod p, ab > az—b so that by Theorem 5.2,
£(g) =a+b. O

Theorem 6.4. Let g = (a,b;c) € H, and a # 0.
Then, g is a Type-II element if and only if

g€ ((1, b'; b?,)) for some b’ € Z,.
Proof. Let g = (a, b; c) € H, with a # 0.

We first prove sufficiency. If g is a Type-II
element, then c =a7b. Direct computation

using Lemma 2.1 reveals
3 ( b ab) (1 ap: apb\*
g - a’ ’ 2 - ;a ’ 2 .

Thus, g € ((1,b'; b’)) , where b’ = a~1b.

2

For the other direction, if g € ((1, b'; %’)), then
b'\*
g= (1,b’; ?> for some k € Z,

Y kb’ + b'k(k—1)
- ’ ) 2 2

=|\kkb’; Kb
- ’ ’ 2 .

By Theorem 6.2 (i), g is a Type-II element.[]

Remark. If b =0, then g € (X), and g is a
Type-II element.

Theorem 6.5. Let g = (a,b; c) € H,and
b # 0. Then, g is a Type-II element if and only

ifg € ((a’, 1; a?)) for some a' € Z,.

The proof of Theorem 6.5 follows the same
structure as Theorem 6.4 by interchanging
the roles of a and b.

In Theorem 6.4, we express the Type-II

!
element as a power of (1,b'; b;), while in

Theorem 6.5, the generator is (a', 1;%),

where a’ = ab™!. Both proofs utilize Lemma
2.2 and the equivalence from Theorem 6.2
(it) but differ only in which coordinate is
assumed nonzero.

Remark. If a = 0, then g € (Y), g is a Type-1I

element.

Theorem 6.6. Let g = (a,b; c) € H,, where

a # 0 and b # 0. The following are equivalent:
i. gisa Type-II word element.

ii. g€ ((1, b'; b?’)) for some b' € Z,\{0}.
iii. g € ((a',1; ) for some a' € Z,,\{0}.

Proof. Follows from Theorems 6.4 and 6.5.

Corollary 6.7. With reference to Definition

6.1, the cardinality of each type of elements is

as follows:

i |{g €EH,|gisaType—1 element}| =p,

ii. |{g € Hy | g is a Type — II element}| = p?,
and

iti. |{g € Hylg is a Type — 11l element}| = p3 —p? —p + 1.
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Proof.

1. Since the center of H, is (Z), it consists of
the elements Z* for k € Z,. The center has
exactly p elements; thus, there are exactly
p Type-I elements.

1. From Theorem 6.2, the Type-II elements
are exactly those satisfying o2(g) = g~ 1.
These are precisely the elements of the

form (a,b;az—b) which total p? in number.

The number of nonidentity Type-II
elements is p? — 1.

iii.Since H, has p*® total elements and the

identity is shared by Type-I and Type-II,
the number of Type-III elements is

PP-@+p*-D=p°-p’-p+1 U

The product of two Type-II elements may not
always be a Type-II element. The next result
presents a necessary and sufficient condition
for this product to be a Type-II element.

Theorem 6.8. Let g = (a,b;c), h=(a’,b’;c")
with a,b,a’,b’ # 0 be Type-1I elements. Then,
gh is a Type-II element if and only if g and h
belong to the same cyclic subgroup in
Theorem 6.6.

Proof. The necessity follows directly from the
subgroup structure established in Theorem
6.6.

Now, we prove sufficiency. Let g = (a, b; ¢),
h=(a',b";c") witha,b,a’,b’ # 0be Type-II

ab

elements so that by Theorem 6.2 (i), ¢ = oY

Zb’ andgh=(a+a,b+b’;c+c +ab’).

!
a

!
CcC =

From Theorem 6.6,
(b aby Lah a1h\*
o= (1) - (et 122’

If gh is a Type-II, then by Theorem 6.2 (ii),
(a+a)(B+Db")
3 :

c+c' +ab =

Thus, ab’ = a’b and we have a' = ab™'b’ or
b'=a 'a'b. Say b’ = a 'a'b, then

N2g-1p -1p ar
h = (a’, a ta'b; %) = (1, a 1h; ¢ > ) .

A similar argument can be wused if
a’' = ab™'b’ and the result follows. 0

CONCLUSION

This paper has developed an algebraic and
combinatorial framework for analyzing word
length in both the discrete and finite
Heisenberg groups.

By constructing two word-length-preserving
automorphisms, we demonstrated how these
mappings can effectively reduce the domain
of group elements, enabling precise
classification and explicit word length
computation. Through these, we derived
exact combinatorial formulas and introduced
a meaningful classification of elements into
Types I, II, and III, based on their structural
properties and their behavior under the
word-length-preserving automorphisms.

What sets this work apart is its constructive
approach. Instead of relying on complex
geometric tools, we focused on elementary
group-theoretic methods using generators,
relations, and identities. This made it
possible to analyze and simplify word
representations systematically. Our results
contribute both theoretical insights and
practical tools that can support further work
in group theory, representation theory, and
computational mathematics.

Moving forward, we recommend expanding
this framework to cover more general
Heisenberg groups, and we envision
applying these ideas to fields such as
algorithm design and cryptography.
Additionally, the methods developed here
may aid in creating efficient solutions for
word problems and optimizing
representations in nonabelian settings. The
potential for this research to impact both
pure and applied mathematics is significant,
offering opportunities for further
advancements.
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Appendix A.

Lemma A.1 Let W = X41yb1x%ybz ... xorybr
be a reduced word representing a central
element. By Lemma 2.3, the third coordinate
is Yi<ja; bj. Let S be the total of all positive
X-exponents and T the total of all positive Y-
exponents. Then,

Eai b] < ST.

i<j

Proof. Split the sum according to the signs
of the exponents: },;<ja; bj = PP + NN + NP,
where PP is the sum of all products with
a; >0 and b; >0, NN is the sum of all
products with a; <0 and b; <0, and NP is
the sum of all remaining mixed-sign
products.

Since the total positive X-exponent is S and
the total positive Y-exponent is T, the sum of
all positive—positive products satisfies
PP < ST. If NN =0, then NP =0 and the
inequality follows.

Suppose now that NN > 0. Then, negative
exponents occur in both X and Y. Because the
word is central, positive exponents must also
occur. Hence, positive and negative
exponents coexist in the word, forcing mixed-
sign products to appear. These products
contribute negatively and reduce the total
contribution from potential positive—positive
pairings. Therefore, ;< a; bj < ST. O

Remark. Negative—negative products do
not introduce new positive exponents. The
total positive exponents Sand T are fixed.
When mixed-sign products appear, some
positive  exponents that could have
contributed to positive—positive products are
instead paired with negative exponents,
yielding negative contributions. Thus, the
reduction occurs in the potential positive—
positive contribution, not in the positive—
positive products themselves. Consequently,
the total contribution cannot attain the
maximal value ST.



