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Abstract

A new exponentiated power Shanker distribution is proposed, and its statistical properties are
thoroughly discussed. The distribution parameters are estimated using the maximum likelihood
estimation method. The new distribution is then extended to a regression model by applying the
logarithmic transformation. The proposed regression model is applied to a marriage dissolution
data set consisting of 568 entries, where the response variable is the number of years in the
marriage and the predictor variables are the husband’s education level, husband’s race (black or
not), marital mixing (mixed or not), and divorce status. The results reveal that some predictors
significantly i nfluence th e du ration of ma rriage. Th e es timated re gression mo del is gi ven by
year(z) = 0.0809 — 1.6190(Heduc) + 0.4343(Heblack) — 1.0747(Mixed) + 1.1819(Divorce). The
model selection criteria for the propose model yield the following values: Akaike information
criterion = 8073.054, Bayesian information criterion = 8086.080, consistent Akaike information
criterion = 8087.080, and Hannan-Quinn information criterion = 8078.137. Furthermore, a
machine learning-based multiple regression model is conducted to estimate mean absolute
error, mean squared error, and root mean squared error, which are 10.1138, 162.1605, and
12.7342, respectively. The results are compared with those obtained from a traditional linear
regression model, and findings suggest that the machine learning-based multiple regression model
outperforms the linear regression model, with smaller error values.

Keywords: transformation, machine learning, regression model, response, predictor,
mean absolute error, mean squared error

Introduction

In statistical modeling, several methods ex-
ist for combining two or more distributions
to create a hybrid distribution. This study
adopts the exponentiated-G family of distribu-
tions introduced by Gupta et al. (1998) to de-
velop a new distribution called the exponentiated
power Shanker (EPS) distribution. The EPS

distribution results from combining the power
Shanker (PS) distribution, studied by Shanker
and Shukla (2017a), with the exponential distri-
bution. The motivation for proposing the EPS
distribution is that it is a three-parameter distri-
bution with sufficient flexibility to model lifetime
data of diverse types, including those from med-
ical sciences, engineering, economics, insurance,
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finance, and educat-ion. By contrast, Shanker
and Hagos (2016) noted that several one- or
two-parameter distributions, such as the Akash,
Shanker, Lindley, and exponential distributions,
are monot-onically decreasing and lack the flexi-
bility needed to adequately handle and fit various
lifetime data sets.

Several authors have applied  the
exponentiated-G  distribution in combina-
tion with other distributions in the literature.
For example, Ashour and Eltehiwy (2015)
studied the exponentiated power Lindley distri-
bution, Shanker and Prodhani (2022) discussed
the exponentiated Sujatha distribution, Elgarhy
and Shawki (2017) examined the exponentiated
Sushila distribution, Aafaq and Subramania
(2019) introduced the exponentiated Ishita
distribution, and Badmus and Faweya (2022)
proposed exponentiated new modified weighted
Rayleigh distribution with application. In
addition, Badmus and Aromolaran (2024)
investiga-ted the exponentiated Sujatha dis-
tribution and its applications, while Badmus,
Olufolabo, and Akingbade (2021) examined a
two-parameter exponential Akash distribution.
Similarly, Okereke and Uwaeme (2018) analyzed
the exponentiated Akash distribution.  Fur-
thermore, Shanker and Shukla (2017a, 2017b)
presented the PS distribution and the power
Akash distribution, among others.

The study extends the exponentiated power
Sujatha distribution to a regression model due
to its strong ability to fit diverse lifetime data.
This extension is achieved through a transfor-
mation approach, in which the logarithm of the
response variable is taken and the parameters
of the EPS distribution are re-parameterized.
Many researchers have employed this transfor-
mation method to develop regression models
from probability distributions. For instance,
Nwankwo et al. (2023) studied the exponenti-
ated power Akash distribution and its applica-
tions to health and disease data sets; Ferreira
and Cordeiro (2023) investigated the exponen-
tiated power Ishita distribution through prop-
erties, simulations, and regression analysis; and

Shabani et al. (2018) examined the exponen-
tiated power Lindley logarithmic distribution,
among others.

The paper is organized as follows. Section 2
presents the materials and methods used to ob-
tain the EPS distribution and its properties. Pa-
rameter estimation is discussed in Section 3. In
Section 4, we introduce the logarithmic form of
the EPS distribution. Section 5 applies the pro-
posed model to marriage dissolution data and
compares its fit with other competing models.
Finally, Section 6 provides a comparison between
machine learning and least-squares models, fol-
lowed by discussion and conclusions.

Materials and Methods

The EPS Distribution

The probability density function (pdf) and cu-
mulative density function (cdf) of the power
Shanker according to Shanker and Shukla
(2017a) are given by

af?

-0 —_ 7 sa-l 0 ay —0y“®
f(y:0,0) CESL (0 +y*)e™™,
y,0, and «o >0 (1)
and
F(y;0,a) =1— |1+ by e "
) ) 62 + 1 )
y,0, and oa>0 (2)
Then, the cdf and pdf of the exponentiated-G
distribution with power parameter k£ > 0 are
given by
F(y;k, ) = G (y;%)" (3)
and

fyk,2) = kg (y;2) G (y; 2)"! (4)

By substituting Equation 2 in Equation 3, and
Equations 1 and 2 in Equation 4, we obtained
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both the cdf and pdf of the proposed EPS dis-

tribution respectively as follows:

. _ Oy* -0y~ ’
FEPS(yak)‘gﬂa)_{]- |:1+92+1:|€ } )

y,k,0 and a>0 (5)

and

kab? o
feps(y;0,a) = ( y (0 4+ y*) e x

62 4+ 1)

fy° k—1
_ -0y~
{1 [1 + Epn 1] e } ,

Y, k,0 and a>0

(6)

where k and « are shapes and 6 is a scale param-
eter. In the same manner, the reliability and the
failure rate functions are also obtained as follows:

Relgps(y; k,0,a) =1 — G(y;E)k

Oy~

=1- {1 - [1+ 92“} e“’y“}k (7)
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Falgps(yik,0.0) = porsUib )

kat* @y Oy
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(8)

Figure 1. The density, distribution, and failure
rate plots of the EPS distribution with different
values of the parameters.

Some Properties of the EPS
Distribution

Moment
The ' moment of Y ~ EPS distribution is
given as follows:

’

oy = / y" feps(y)dy
0

’ ka92 o0 _ _ @
Mr—wﬁ_i_l)/o y (0 +y*)y e by

Oy~

{1— [1+ 02+J eeya}k_ldy (9)

Using binomial expansion, u; in Equation 11 is
achieved from Equation 9 as follows:

aom -y (7 1) s

Jj=0

Then, expand

. . o . ] eyll [
B = e 9% S, <l> 7
Y

Also, setting t =
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y" = t=. The integral becomes a sum gamma-
type integral:

L(i+Z+1)
[+ 1))

‘/ (0 +t)ttae U — ¢
0

I(i+L+2)
G+ 10T

(10)

By simplifying Equation 10 using I'(xz + 1) =
xl'r and gathering constants, this results in a
compact closed form, and Equation 11 becomes
the 7" moment of the EPS distribution:

j= k0% jz;‘;(nj <k i 1) Zi; (Z)

P+2+1) [+ (i+Z+1)]
(6 + 1) G+ 1)

(11)

See Nwankwo et al. (2023) and Shanker and
Shukla (2017a). The mean of the proposed
distribution can be obtained from Equation 11
when 7 = 1 given by E(Y) = pu}, and when
r = 2, the variance can be derived using the
relation Var(Y) = py — ()2

Furthermore, the r*"* incomplete moment of the
EPS distribution is

w, (u) = / "y Feps(y)dy)

We reuse the binomial steps above by letting
t =y, dt = ay® ! with

B=|1 —0y"
+92+1)e ,

Putting a =17+ = and v = u®, the truncated
integral becomes

/ (O+1)e D%t — 9 [(j + 1) 0]~ y(a+1)x
0

((G+1)80)+1G + 1) 0]~ 3(a+2), ((G+1)6v)

(12)
where ~(.,.) is the lower incomplete gamma,
and fixing them together results in the incom-
plete r" moment of the EPS distribution in
Equation 13:

k—1 J

= _1) k-1 ] ;
we = k32 ( J );() T
M(a+1)
[W%Qwﬂ,s) +
[(a+2)
(j + 1)ot20" o Qa+2, S)] (13)
whete s = (j-+ 10y, Q(v.) = T3 is the

regularized incomplete gamma.

Estimation of the Parameters
Let y1,y2,¥s, ..., Yo be a random variable sample

of size n from EPS distribution ¢ = (k,0,a),
and the log-likelihood function is given by

E((p) = H fEPS(y7 k,a, 9)

=1

U(p) = n [log(k) + log(a) + 2log(0) — log(6* + 1)]

Ha—1) log(ys) + > log(0+ ) — 0> y+
=1 =1 =1

(k — 1)271:509{1 - [1 + ezny e—eyi“} (14)

i=1
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Furthermore, the maximum likelihood estima-
tion of EPS distribution is obtained as

8€ _n - Hyza _eyia
%—kﬁ-;log{l [1+62+1]6 }

(15)
ol n - " y2logy; "
— == logy; . —0 “logy;
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- “log(y;)e %" 6%(0 + yg*
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(16)
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62 +17"

00
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i=1 — ? —0y;
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(17)

Therefore, Equations 16 and 17 cannot be solved
in a closed form, rather the study used R code R
4.5.0 version (2025; Nash, 2014) to obtain their
optimum function. However, the full proof of
the Equations 15, 16, and 17 are in the appendix.

Logarithmic of the EPS
Distribution

Let T = log(Y), where Y ~ EPS(k,«,0)
is its pdf defined in Equation 6. Here, we re-
parameterize by letting o =
I
- t—p 24
0 = co. Also, A(t) =elF) D =¢% P =

1
— K= xTﬁv and
g

1+ D,and DA =0y~ = (7). Then, the log-
exponentiated power Shanker (Log-EPS) density
for y e Ris

kD2A(1+ A
freps(tik,o,pn) = o()

k—1
1= (1 2 o)

where k,o0 > 0 and p € R. Suppose Y ~
EPS(k,«,0) also, Xlog(Y) ~ LEPS(k,u,0).
Meanwhile, the reliability and failure rate func-
tion are

e(=DA) %

(18)

Relppps(zik,p,0) =1 — [1 — (1 + %) e(_z)} ;
(19)

and

freps(z;k,0, 1)
-k —
erEPS(Z7 7/’[/70—) RelLEPS(z, k,ﬂ, O_)

2
SD A1+ A)e(*z) [1 B (1 . %) e(iz)]k—l
- 1-[1-(1+3)e=2]" ’
zeR (20)
respectively, where D?A = 7 and
T — W

z =

(Alkarni 2016; Asgharzadeh et

al., 2018;({\/[arthin & Rao, 2020).

Hence, a parametric regression model for re-
sponse variable X; and a vector of predictor
variables Ui/ = (w1, U2, ..., Ujp) is obtained as

2, =UB+0z, i=123..n (21
where p; = U'B is the location of z;,8 =
(B1, ..., Bp), a vector of unknown regression co-
efficients, and z is the error term which has
density function of Equation 18 (Ortega et al.,

2013; Badmus, Akinyemi, & Onyeka-Ubaka,
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2021; Nwankwo et al., 2023). Meanwhile, the
reliability and density function of X;|U are

Rel(z|U') =1— [1 - (1 + ’%) e“zﬂr (22)
and
flafv') = EEEAUTA)
[1 - (1 + %) e“zﬂ} o (23)

zi 30,

where D?A=¢

Application to Marriage
Dissolution Data

In this section, parameter estimates and the
goodness of fit of the EPS distribution are
obtained using the method of maximum likeli-
hood. The model is applied to a real data set
consisting of the number of years in marriage for
568 couples from the U.S. marriage dissolution
study. For comparative purposes, the fit of the
EPS distribution is evaluated against several
alternative two-parameter and three-parameter
models. Specifically, the comparisons include
the three-parameter exponentiated-power dis-
tributions (Akash, Ishita, and Lindley), the
two-parameter power distributions (Shanker
and Akash), and the exponentiated Akash
distribution.

The estimated parameters are denoted as
(l;:,d, 9) for the three-parameter models and
(&,0) for the two-parameter models.  The
goodness-of-fit assessment is based on the
Shapiro-Wilk statistic (W*), Anderson-Darling
statistic (A*), Kolmogorov—Smirnov statistic
(KS), and their corresponding p-values, as
summarized in Table 1. Furthermore, Table
2 presents the overall performance and model
selection results, highlighting the comparative
behavior of the EPS distribution relative to the

competing models.

Obviously from Tables 1 and 2 above, the
proposed distribution yields better fit (due to
its ability to produce smaller values from the
data used) than any other compared distribu-
tions with three and two parameters and EPS
distribution can be seen as an important model
for modeling social and education data which
are right skewed (non-normal data). Meanwhile,
the nature of the data (years in marriage) is il-
lustrated in Figure 2 using scatter, line-scatter,
histogram, and density plots. The plots clearly
reveal that the data are right skewed.

tof Years in
l

Obeanions

Figure 2. The scatter, line-scatter, and density
plots and histogram of the data.

However, the Log-EPS distribution is com-
pared with other distributions in this section.
The variables considered are as follows: years:
duration of marriage; heduc: education of the
husband coded 0 = less than 12 years, 1 = 12
to 15 years, and 2 = 16 or more years; heblack:
coded 1 if the husband is black and 0 otherwise;
mixed: coded 1 if the husband and wife have dif-
ferent ethnicity, 0 otherwise, and div: the failure
indicator, coded 1 for divorce and 0 for censoring
(Lillard & Panis, 2000). The estimates of pa-
rameter (l%,&,ﬁo,ﬁl,ﬁg,ﬁg & 34), standard
error and p — value in Table 3, and model per-
formance criteria (-2Log-likelihood, Akaike infor-
mation criterion [AIC], consistent Akaike Infor-
mation criterion [CAIC|, Bayesian information
criterion [BIC], and Hannan-Quinn information
criterion [HQIC]) are presented in Table 4. The
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Table 1. MLEs and Statistics: (W¥*), (A*), (KS), and P

Distribution Estimate WH* A* KS
EPS k = 0.3654(0.1001*)
(proposed) & = 0.1619(0.0084™) 0.2928 1.9186 0.0416
0 = 2.5548(0.5363") 0.2807F
EPA k = 29.3254(6.5405%)
(Nwankwo et al., & = 0.2321(0.0111%) || 1.4460 9.3746 0.6328
2023) 0 = 3.2035(0.1843") < 2.2¢ — 167
EPI k = 8.4644(0.9192*)
(Ferreira & Cordeiro, & = 0.3094(0.0074%) || 1.1925 7.8513 0.1898
2023) 0 = 2.0262(0.0551%) < 2.2¢ — 167
EPL k = 113.7877(60.6813")
(Ashour & Eltehiwy, & = 4.1003(0.5104") NaN NaN 0.6822
2015) 0 = 0.1725(0.0174*) < 2.2e —16F
PS —
(Shanker & Shukla, & = 0.8440(0.0254%) || 0.2810 2.1317 0.4325
2017) 0 = 0.1574(0.0134*) < 2.2¢ — 167
PA ——
(Shanker & Shukla, & = 0.7155(0.0187*) || 0.2843  2.1462 0.6102
2017h) 0 = 0.3480(0.0210%) < 2.2e —16P
EA k = 0.7051(0.0326*)
(Okereke & Uwaeme, —— 0.2883  2.1847 0.3028
2018) 0 = 0.1287(0.0037%) < 2.2¢ —16F

Note. MLEs = maximum likelihood estimations, P = p-value, EPS = exponentiated
power Shanker, EPA = exponentiated power Akash, EPI = exponentiated power
Ishita, EPL = exponentiated power Lindley, PS = power Shanker, PA = power
Akash, EA = exponentiated Akash, NaN = not a number.

Table 2. Performance and Selection Criteria for Fitted Distributions

Distribution || -2LogL AIC CAIC BIC HQIC | Rank
EPS 2259.372  4524.745 4524.788  4537.761  4529.825 1st
EPA 2647.686 5301.372 5301.415 5314.388 5306.452 5th
EPI 2700.281 5406.562 5406.605 5419.578 5411.642 6th
EPL 2626.067 5258.135 5258.177 5271.150 5263.215 4th

PS 2274.488 4552.976  4552.997 4561.653 4556.363 | 2nd
PA 2279.753 4563.505 4563.526 4572.182  4566.892 3rd
EA 4194.584 8393.168 8393.189 8401.845 8396.554 7th

Note. -2LogL. = -2x log-likelihood, AIC = Akaike information criterion, CAIC =
consistent Akaike information criterion, BIC = Bayesian information criterion,
HQIC = Hannan- Quinn information criterion.
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regression model is given by

x; = Po + Pryir + Bayiz + B3yis+; -, +0nYin + €
(24)
year(z;) = Bo + B1(Heduc) + B2 (Heblack)

+Bs(Miwed) + B, (Divorce) + e (25)

year(#) = 0.0809 — 1.6190( Heduc) + 0.4343

(Heblack) — 1.0747(Mixed) + 1.1819(Divorce)
(26)

The estimated  (fs) parameters of the
Log-EPS regression model in Table 3 have
both positive and negative values. This means
that husband education (-1.62%) and mixture
(-1.07%) have a negative effect in marriage.
Then, husband being black (0.43%) and divorce
(1.18%) have a positive effect in marriage
according to the data used. Table 4 contains
information on model selection criteria and
reveals that the Log-EPS model has the smallest
value among other models. It is noticed that
the Log-EPS model is flexible and capable of
handling and modeling such data compared to
other models considered. All outputs in Tables
1, 2, 3, and 4 are made from R-code.

Furthermore, the study extends the work
to compare machine learning and least square
models, and the output generated is presented
in Table 5, which consists of the estimated [,
mean absolute error (MAE), mean square error
(MSE), and root mean square error (RMSE).
The results from machine learning are superb
over the least square model. The outputs are
generated using Python programming. Figure 3
illustrates the density and empirical distribution
function plots of the distributions examined
in this study. Likewise, Figure 4 depicts the
line scatter plots comparing the proposed
distribution with the competing models. All
figures were generated using the R statistical
programming environment.

Lines Histogram Plot of Years in Marriage Data

ECDF of Years in Marriage Data

Figure 3: The densities and empirical cumula-
tive distribution Function (ECDF) plots of the
considered distribution.

Figure 4. The line-scatter plot of the considered
distribution.

Discussions and Concluding
Remark

This article introduces a new three-parameter
distribution, namely, the EPS distribution, and
further extends it to the Log-exponentiated
power Shanker (Log-EPS) model. Several
important statistical properties of these dis-
tributions have been derived, including their
probability density functions, cumulative dis-
tribution functions, survival functions, and
moments. The method of maximum likelihood
estimation (MLE) has also been presented
for parameter estimation, ensuring practical
applicability of the models.

To assess the performance of the EPS and
Log-EPS distributions, both theoretical results
and empirical analyses were conducted. In par-
ticular, a real-life data set was used to compare
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Table 3. Model Parameter Estimates, Standard Errors (in Parentheses),
the ((s), and p-values (in Brackets)

Model k o Estimated Parameter
Log-EPS 0.2019 0.5342 Bo = 0.0809(0.0112)
(proposed) (0.2050)  (0.0142) B1 = —1.6190(0.2853)[1.39¢ — 08***]

By = 0.4343(3.1482)[0.8900]
By = —1.0747(2.2891)[0.6390]
By = 1.1819(0.2810)[< 2.61e — 05***]

Log-EPA 0.9998 1.0428 Bo = 1.5680(1.9431)
(Nwankwo et al., (0.0005)  (0.0073) 1 = —8.0102(0.9081)[< 2e — 16***]
2023) By = 2.3129(2.1798)[0.2890]

B3 = —3.6466(2.3342)[0.1180]
By = —0.1963(1.2094)[0.8710]

Log-EPI 0.9353  1.0561 Bo = —0.0845(0.0517)
(Ferreira & Cordeiro, (0.0485) (0.0052) 81 = —8.8736(0.2135)[< 2e — 16***]
2023) By = —10.8228(1.6074)[1.66¢ — 11**¥]
85 = —6.4112(2.7700)[0.0180*]
By = —9.7332(0.1323)[< 2e — 16***]
Log-EPL 1.0691  0.8108 Bo = 0.0381(0.0644)
(Shabani et al., (0.1695)  (0.0060) || S = —5.4548(0.2060)[< 2e — 16***]
2018) By = —0.4618(1.6774)[0.7831]
fBs = 5.6307(1.0740)[1.71e — 07***]
B4 = —0.0030(0.0015)[0.0534]
Log-PS - 0.5000 Bo = 3.5000(1.1295)

- (0.0277) By = 1.4000(1.0525)[0.1835]
B = 3.5000(8.7371)[0.6887]
B3 = 1.5000(7.6354)[0.8443]
B4 = 3.5000(1.1173)[0.0017*]
Log-PA - 0.7443 Bo = 2.4175(0.3786)
- (0.0108) | B1 = —2.3586(0.0909)[< 2e — 16**]

~

By = 2.8324(2.5483)[0.2660]
Bs = —0.2427(1.0744)[0.8210]
By = —2.5748( NAN)[N AN]
Log-EA - 0.8790 Bo = 3.2540(1.4812)

- (0.0164) 81 = 1.7326(0.8243)[0.0356*

By = 2.6045(1.0500)[0.0131%]
fs = 1.6370(0.7667)[0.0328"]

B = 0.0391(1.2337)[0.9747]

Note. Log-EPS = Log-exponentiated power Shanker, Log-EPA = Log-exponentiated
power Akash, Log-EPI = Log-exponentiated power Ishita, Log-EPL = Log-
exponentiated power Lindley, Log-PS = Log-power Shanker, Log-PA = Log-power
Akash, Log-EA = Log-exponentiated Akash, *p < 0.05, **p < 0.01. ***p < 0.001.
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Table 4. Model Selection Criteria

Distribution || -2LogL AIC CAIC BIC HQIC
Log-EPS 4433.527  8073.054  8087.080  8086.080  8078.137
Log-EPA 5061.834 10129.670 10143.690 10142.690 10134.750
Log-EPI 4319.140  8644.280  8658.306  8657.306  8649.363
Log-EPL 4096.548  8199.096  8213.122  8212.122  8204.178
Log-PS 4979.949  9963.898  9923.582  9972.582  9957.287
Log-PA 4667.380  9338.760  9348.444  9347.444  9342.149
Log-EA 5314.537 10633.070 10642.760 10641.760 10636.460
Note. -2Logl. = -2x log-likelihood, AIC = Akaike information crite-

rion, CAIC = consistent Akaike information criterion, BIC = Bayesian in-
formation criterion, HQIC = Hannan- Quinn information criterion, Log-
EPS = Log-exponentiated power Shanker, Log-EPA = Log-exponentiated
power Akash, Log-EPI = Log-exponentiated power Ishita, Log-EPL = Log-
exponentiated power Lindley, Log-PS = Log-power Shanker, Log-PA = Log-
power Akash, Log-EA = Log-exponentiated Akash.

Table 5. Machine Learning and Least Square Model Using
Marriage Dissolution Data

Model Estimate MAE MSE RMSE
By = 30.7352
By = —7.1823
Machine learning || 82 = —1.8977 || 10.1138 162.1605 12.7342
By = —14.7729
By = —13.5405
By = 30.3480
81 = —6.3250
Least square 32 = —1.4380 || 20.9668 483.3172 21.9845
B3 = —14.7100
B4 = —13.8860

Note.

RMSE = root mean square error.

MAE = mean absolute error, MSE = mean square error,
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the proposed models with other well-known
two-parameter and three-parameter distribu-
tions. Model evaluation was carried out using
standard statistical tools such as goodness-of-fit
measures and model selection criteria.

The findings reveal that the EPS and Log-EPS
distributions provide superior fits to the data
compared with the competing models. This
demonstrates their enhanced flexibility in
modeling lifetime and reliability data. The
results highlight the practical relevance of the
proposed models, particularly in contexts where
tail behavior and hazard rate patterns require
additional flexibility.

In conclusion, the EPS and Log-EPS distri-
butions constitute valuable contributions to
statistical modeling. Their ability to outperform
existing alternatives underscores their robust-
ness and suitability for real-world applications.
Future studies may extend these models to
regression frameworks, Bayesian estimation
approaches, multivariate generalizations, and
applications in diverse fields such as reliability
engineering, actuarial science, medical statistics,
and risk analysis.
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Appendix

—0H;
we need T; we have
o
The partial derivatives from the log-likelihood a 0

in Equation 14 with respect to k, «, and 0 H; = (1+ Ryi)e , R 92 +1
are detailed as follows:

S

0H,; v 1 o o G
Recall that Oa =e i Ryin (yi) + (1+ Ry;') e oui [(—0yiIn (y:)]

n OH, e X
Q) = HfEPs(y,k‘,a,@) oo Y fnyie” Y [R -0 (1 + Ryy")]

=1

By factorizing this yf‘lnyie_ey?, and simplify
U() = n [log(k) + log(c) + 2log(0) — log(6* + 1)] by substituting R = —

L
n " oy _ 9 62 4o 02 (0 +y7)
Hla— 1) logly) + Y log(0+y)— B OUTRE =7 =0= =7
B - Hence, a compact simplified form can be written
. as
0y + (k-1 Zlog T PR PR
£ 7t 62 +1 9
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- yz lnyl Yi
Qyioz o L 804 L
Setti H = |1 R o -
e [ * 6% + 1] ¢ o Putting it into the contribution from the (k—1)
log(1—H;),and L=6%+1 term,
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Differentiating with respect to £ is given as (k—1) i
1—
i=1

% had +ZZOQ{1 _ [1_1_ Oy }eeyi"} m This becomes Equation 16:

ok k 02 +1
This is Equation 15. ot _ny zn:lny- i i yilny; 923} Ingi+
Ja « p ! i=19+ya !
By listing out all the terms that involve «;
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=031 Y lglyw (k—1)> i log Differentiating with respect to 6
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02 +1 From n [2logf — log (6> +1)] :
_ n da
(k—1)> . Then, 20
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From S log (6 + y)

n 1 n « n «
>ict Wa =03 1Y - iy
Also, from the

(k—1)>" ,log (1 — H;) term, we have

—0H,

~ "0
—1
(k )i:11_Hi

0H;
However, we need ——, and by using H; =

00
@ 9
(14 Ry®) e % with R = T and L =6%+1,
we get two contributions (derivative of R and the
exponential):
OR _1-¢"
00 L2

Therefore,
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A compact form can be written as
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Putting all together yields Equation 17.
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